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« The gentlest thing in the world overcomes the hardest thing in the world.
That which has no substance enters where there is no space.
This shows the value of non-action. »

« Nothing in the world is as soft and yielding as water.

Yet for dissolving the hard and inflexible, nothing can surpass it.
The soft overcomes the hard; the gentle overcomes the rigid.
Everyone knows this is true, but few can put it into practice. »

The Tao Te Ching, Laozi






Abstract

This PhD thesis investigates the buckling and packing behavior of slender structures, such as
beams and plates, when confined within solid or liquid cavities. These packing phenomena arise in
various contexts, including cable deformation in the drilling industry, endoscope-artery interaction
in vascular surgery, and DNA coiling within viral capsids. While most existing studies focus on
solid confinement, elastic structures at small scales can also be confined by liquid cavities due to
dominant capillary effects. In such cases, elasto-capillary interactions lead to phenomena such as
the wrinkling of liquid-infused membranes.

To understand these behaviors, we analyze the packing of an inextensible elastic beam (Elastica)
in two-dimensional settings, under both rigid and liquid confinements. Numerical simulations
were developed to incorporate geometric constraints and self-contact, and theoretical models were
formulated to predict system responses. These predictions show strong agreement with simulation
results. Furthermore, the stability of the identified equilibria is examined through analytical
methods.

The study primarily focuses on the geometric configurations and force responses during defor-
mation. We developed an analytical approach to obtain the scales of the horizontal and vertical
applied forces as the compaction ratio is increased. Although hysteresis is observed, the models
capture the overall behavior reliably. In both solid and liquid cavities, the early stages of confine-
ment exhibit ordered and homogenous packing. At higher confinement levels, systems with liquid
interfaces transition into inhomogeneous configurations. These findings align with experimental
observations of liquid-infused membranes and can be interpreted with a phase transition approach.

Overall, this work extends the classical understanding of beam confinement between rigid
boundaries to include elasto-capillary interactions in liquid environments. The models and in-
sights presented here contribute to the broader understanding of packing phenomena under diverse
confinement types, particularly those involving liquid interfaces.
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Résumé

Cette thése de doctorat étudie le comportement de flambement sous contrainte des structures
élancées, telles que les poutres et les plaques, lorsqu’elles sont confinées dans des cavités solides
ou liquides. Ces phénomenes de confinement apparaissent dans divers contextes, notamment la
déformation des cables dans l'industrie du forage, I'interaction entre un endoscope et une artere
en chirurgie vasculaire, ou encore ’enroulement de ’ADN dans les capsides virales. Alors que la
plupart des études existantes se concentrent sur les confinements solides, les structures élastiques
peuvent également étre confinées par des interfaces liquides, a petite échelle, lorsque les effets
capillaires dominent. Dans ce cas, les interactions élasto-capillaires engendrent des phénomeénes
tels que le plissement de membranes imprégnées de liquide.

Afin de comprendre ces comportements, nous analysons le confinement d’une poutre élastique
inextensible (Elastica) en 2D, sous des confinements rigides et liquides. Des simulations numériques
ont été développées pour prendre en compte les contraintes géométriques et l'auto-contact, et des
modeles théoriques ont été formulés pour prédire la réponse du systeme. Ces prédictions montrent
une bonne concordance avec les résultats des simulations. En outre, la stabilité des équilibres
identifiés est analysée par des méthodes théoriques.

Nos études portent principalement sur les configurations géométriques et les réponses en force
pendant la déformation. Nous développons une approche analytique qui permet d’obtenir les lois
d’échelle des forces horizontales et verticales appliquées sur la poutre en fonction du confinement
qui lui est imposé. Bien qu’un phénomene d’hystérese soit observé, les modeles décrivent fidelement
le comportement global du systeme. Dans les cavités solides et liquides, les premieres étapes du
confinement présentent une réponse ordonnée et homogene du systéme. A des niveaux de confine-
ment plus élevés, les systeémes a interfaces liquides évoluent vers des configurations hétérogenes.
Ces observations sont cohérentes avec les expériences menées sur les membranes imprégnées de
liquide, et peuvent étre interprétées a l’aide de la théorie des transformations de phase.

Ce travail étend les compréhensions du confinement d’une poutre entre parois rigides aux inter-
actions élasto-capillaires dans des environnements liquides. Les modeéles et les résultats présentés
apportent un éclairage nouveau sur les phénomeénes de confinement sous différentes formes, en
particulier ceux impliquant des interfaces liquides.
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Introduction

Slender structures such as beams and filaments, and thin structures such as membranes, are
ubiquitous in both natural and engineered systems. When confined within narrow spaces, their
ability to bend, twist, and coil gives rise to complex geometrical arrangements, collectively referred
to as packing phenomena. Understanding how slender structures organize under confinement is
essential for elucidating mechanisms encountered across physics, biology, materials science, and
engineering. Representative examples include DNA packaging within viral capsids (Vetter, Wittel,
and Herrmann, 2014), the deformation of cables in the drilling industry (Lubinski and Althouse,
1962; Miller et al., 2015), and fiber—crimper interactions in the textile industry (Hearle, 2014).

The specific behavior of a confined slender structure depends on multiple factors, including the
geometry and stiffness of the confinement and the intrinsic properties of the structure itself. This
thesis focuses on two-dimensional systems involving inextensible beams, or FElastica, particularly
in configurations where the beam is confined inside a narrow tunnel.

Previous studies have investigated the buckling and post-buckling responses of rods and plates
against a range of solid boundaries, including rigid walls (Domokos, Holmes, and Royce, 1997;
Roman and Pocheau, 1999), compliant substrates (Manning and Bulman, 2005), and elastic sup-
ports such as spring-like walls (Chen and Wen, 2019; Katz and Givli, 2015). However, much
less is understood about situations in which confinement is imposed not by solids, but by liquid
interfaces.

Although liquid interfaces may at first appear too weak to confine solids, at small scales capillary
forces can dominate elastic resistance, leading to striking deformation phenomena. The interplay
between elasticity and capillarity, commonly referred to as elasto-capillary effects, has been shown
to drive deformation across a wide range of systems (Bico, Reyssat, and Roman, 2018). Examples
include the distortion of soft substrates by droplets (Style et al., 2017), the deformation and
aggregation of wet fibers (Duprat et al., 2012; Py et al., 2007), the curling of soft textured sheets
(Cappello et al., 2023) and the capillarity-induced crumpling of thin membranes (Huang et al.,
2007).

Of particular interest here are systems in which liquid interfaces can actively trap slender bodies.
One striking example is the natural “windlass” mechanism formed by spider silk winding around
droplets, which imparts the thread with remarkable extensibility (Elettro et al., 2016; Schulman et
al., 2017; Vollrath and Edmonds, 1989). Similarly, in the experimental work of Grandgeorge et al.
(2018), a thin porous polymer membrane covered by a liquid film exhibited extraordinary stretch-
ability, accommodating large contractions without sagging. In both cases, liquid interfaces act as
confinements, storing slender structures in so-called fiber or surface reservoirs. These reservoirs
can be recruited on demand, granting the system exceptional deformability. A deeper understand-
ing of such mechanisms not only sheds light on biological phenomena, such as the deformability
of white blood cells (Guillou et al., 2016), but also offers inspiration for the design of synthetic
stretchable materials, with potential applications in smart textiles and biomedical devices.



INTRODUCTION

Despite the differences between solid—solid and liquid—solid packing, this thesis develops theo-
retical and numerical frameworks for both classes of confinement and highlights the commonalities
and distinctions between them.

Organization and content of the manuscript

This thesis consists of three parts:

Part I introduces the theoretical and methodological framework. Chapter 1 presents funda-
mental notions of optimization, stability, and bifurcation, together with related numerical meth-
ods. Simple examples from elasticity and capillarity illustrate the application of these concepts.
Chapter 2 introduces the numerical solver used throughout the thesis, with emphasis on discretiza-
tion strategies and their implementation. A convergence study is provided to compare different
discretization schemes. Chapter 3 addresses the numerical treatment of contact conditions, and
provides two examples that illustrate the implementation of beam-to-beam contact. Finally, Chap-
ter 4 introduces two concepts central to later discussions: phase transitions and configurational
forces.

Part II investigates solid—solid packing, focusing on the responses of an Elastica confined
between rigid walls. Two boundary conditions are considered, depending on the placement of
the clamped ends: the wall-attached configuration (Chapter 5) and the centered configuration
(Chapter 6). For the wall-attached case, attention is given to the deformation process and overall
system responses under different models. For the centered case, additional emphasis is placed
on bifurcation and stability analyses. Chapter 7 compares the behaviors of both configurations
using the proposed semi-analytical models, providing a broader perspective on the problem of an
FElastica confined in a rigid tunnel.

Part III turns to liquid—solid packing, motivated by experimental studies. Two systems are
examined numerically in two dimensions: a drop—fiber system (Chapter 8) and a soaked membrane
system (Chapter 9). For the drop—fiber problem, we first analyze the elasto-capillary buckling of
a fiber inside a disk-shaped drop, and then extend the study to cases where the liquid interface
is deformable. Parameter studies highlight the influence of material and geometrical properties,
as well as the additional effects introduced by interface deformability. In the soaked membrane
problem, modeled as a two-dimensional analogue of an Elastica confined between rigid walls, we
examine the deformation process, force responses, and the phase transition phenomena observed
experimentally. Both simulations and semi-analytical models are employed to capture these be-
haviors.



Part 1

Theoretical background and methods






Chapter 1

Optimization, stability and
bifurcation

In this chapter, we introduce the theoretical framework and numerical methods used for con-
strained continuous optimization problems. These problems are widely encountered in science,
engineering, economics, and industry. Optimization theory, which traces its roots to the work of
Euler and Lagrange on the calculus of variations, provides the conditions for optimality and forms
a foundational component of the present work.

Moreover, optimality conditions are closely related to the determination of equilibrium stability.
For this reason, a brief overview of stability and bifurcation theories is also provided. Finally, we
present a few examples to illustrate the application of the theoretical concepts and numerical
methods we have introduced.

Beginning with a brief history of the calculus of variations and Lagrangian mechanics, the
content of this chapter is primarily based on established results and standard references in opti-
mization, numerical methods, and stability theory. Key sources include textbooks and manuals
such as the work of Nocedal and Wright (2006) and Luenberger and Ye (2008). The aim is to
provide a concise summary of the concepts and tools relevant to the work presented in this thesis.

1.1 Variational approach and Lagrangian mechanics

Different from but consistent with Newtonian mechanics, which is based on vector quantities
like force, momentum and acceleration, the Euler-Lagrange approach is based on the calculus of
variation and the minimization of an integral scalar quantity.

The concepts of the Lagrangian and the calculus of variations are fundamental and appear
frequently throughout the studies of this thesis. Here we introduce the history of the variational
approach and the Lagrange method.

This integral variational approach was first championed by Gottfried Wilhelm Leibniz, at the
same period of Newton’s development of the differential approach to classical mechanics. During
the 18th century, a student of Leibniz, Johann Bernoulli, developed the field of variational calculus
which underlies the integral variational approach to mechanics. He solved the brachistochrone
problem, which aims to find the path which has the shortest transit time between two points.
The integral variational approach also underlies Fermat’s principle in optics, which can be used to
derive that the angle of reflection equals the angle of incidence, as well as Snell’s law. Bernoulli
developed the principle of virtual work which is used to describe equilibrium in static systems.
Jean-Baptiste le Rond 0’Alembert extended the principle of virtual work to dynamical systems.
Bernoulli’s student Leonhard Euler, a Swiss mathematician of the 18th century, developed the
calculus of variations with full mathematical rigor. Joseph-Louis Lagrange, a student of Euler,
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culminated the development of the Lagrangian variational approach to classical mechanics (Cline,
2017; Dugas, 1988; Lanczos, 2012).

The standard Lagrangian in Lagrangian mechanics is defined as the difference between the
kinetic and potential energy, that is L =T — V. In optimization, the Lagrangian function defined
in the method of Lagrange multipliers is also called Lagrangian for short, which defined as

L(z,A) = f(x) = Ag(z)

where f(x) and g(z) are respectively the objective and constraint function, and A is the Lagrange
multiplier (Nocedal and Wright, 2006). Both Lagrangian are named after the great mathematician
Joseph-Louis Lagrange in memory of his contributions to calculus of variations.

1.2 Theory of optimization

Here we present the theory for a general constrained optimization problem. The variables are
defined as x = [x1, %9, ...,2,]7, contained within a subset 2 of real domain R". We would like
to minimize a continuous function f(x), the objective, under m equality constraints h(x) and p
inequality constraints g(x). The objective f(x) : R” — R, and constraints h(x) : R" — R™,
g(x) : R™ — RP are all smooth real functions.

The formulation for this problem is

min - f(x)
subject to h(x) =0 (1.1)
g(x) =20

1.2.1 (First Order) Necessary Condition

The first order necessary condition of optimization problems, also called Karush-Kuhn-Tucker
Condition, goes as follows:

Karush-Kuhn-Tucker (KKT) condition. Let x* be a relative minimum point of
problem (1.1), and suppose x* is a regular point for the constraints. Then, there is a
vector A € R™ and p € RP with pu > 0, such that

VL = Vf(x*) — [V A —[Vgx)]' p=0eR" (1.2)
diag(p) g(x*) = 0 € R" (1.3)

where Vf = [0f/0x1,...,0f/0x,)T. Vh is a m x n matriz, with [Vh];; = 0h;/0x;,
idem for Vg. diag(p) is a p X p diagonal matriz, with p in the diagonal.

We also call a point x satisfying the KKT condition an equilibrium.

1.2.2 (Second Order) Sufficient Condition

An equilibrium is not necessarily an optimum. According to the optimization theory, the sufficient
condition of a minimum goes as following:

Second order sufficient condition. If a point xX* satisfies constraints h(x*) = 0
and g(x*) > 0 and if there exist X\, p such that

u>0 1.4)

diag(p) g(x™) = 0 5)

VL =Vf(x*) = [Vh(x*)]" A= [Vg(x)]" p=0 (1.6)
6
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and if the Hessian matrizc
m p
H=VL=V’f-Y \NV’hi—> \V’g € R™" (1.7)
i=1 j=1
1s positive definite on the subspace
M={yeR" |Vh(x")y =0¢cR",
Vgj(x*)-y=0,Vj € Jg, Vgj(x*) -y >0,Vj € Jw}

where Jg is the index set of all the strongly active constraints, and Jy is the index set
of all the weakly active constraints:

Js ={jlg;(x*) =0, u; >0}, Jw ={jlgj(x") =0, u; = 0}. (1.9)
Then x* is a strict relative minimum point of the optimization problem

The positivity of H can be also described as y' H(x*)y >0, Vy € M.

(1.8)

Application of the projection To explain how this condition applies in practice, we consider
a relatively simple case in which all the constraints are strongly active, that is Jy = @, then the
subspace M writes

Ms={y e R"|Vh(x")y =0, Vg;(x*) -y =0,Vj € Jg}. (1.10)

Mg is the kernel, also known as the null space, of the matrix composed of Vh and Vg; (j € Jg).
We note the kernel as K, an n x (n — m — ps) matrix, where p, is the number of strongly active
inequality constraints and n the number of variables. Then K satisfies the relation

— Vh — .
K = 0 ¢ Rm+ps)x(n—m=ps) 1.11
[ Vy; 1 (1.11)

(m+ps)xn matrix

In practice, K can be calculated with numerical packages, for example scipy.linalg.null_space.

K can be considered as a transformation matrix, mapping from R"~™7Ps to R”. Through
matrix K, any vector in R ™7Ps projected to R™ is in the subspace Mg. To put it another way,
if H is positive definite on the subspace M, then

y'KTHKy > 0, Vy e RVmTPs, (1.12)
Therefore, if all the eigenvalues of the projected Hessian matrix
H = KTHK € R(»—m~ps)x(n=m=ps) (1.13)

are positive, then x* is a local minimum.

Formulation as an optimization problem and the equivalence We have stated that eigen-
values can be used to determine the positiveness of the projected Hessian matrix H and thus to
verify if the second-order optimal condition is satisfied. It is also possible to determine the posi-
tivity of H through optimization problem formulation.
We define the optimization problem
min }A/Tﬁy, y e RPmPs (1.14)
subject to ||y =31y =1 .
Recall that if S,Tﬁg, > 0,Vy € R"™™7Ps_ then H is positive definite. Thus, if the objective
at minimum is strictly positive, then H is strictly positive definite in space R"™™7Ps and if
the minimal objective is negative, then H is not positive definite and the solution is not a local
minimum.
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We can prove that this formulation is equivalent to the determination with eigenvalues. Following
the normal process for analyzing optimization problems, we construct the Lagrangian

i pe o T~
L=3 Yy HY -AFTy - 1) (1.15)

The factor % is added to simplify the notations, and it does not change the reasoning.
Using KKT conditions, the gradient of the Lagrangian should be zero at the minimum. Taking

into account that H is symmetric, we have
VL=Hy-Ay=0 — Hy=)\y, y'y=1 (1.16)

That is the definition of an eigenvalue \ of ﬁ, with ¥ its corresponding eigenvector.
Then we apply the second-order sufficient condition,

V2L = H — A is positive definite on the subspace M = {X|y’ % = 0} (1.17)

where I is the identity matrix, and (), y) satisfies the KKT condition.

Suppose (A1, A2, ..., A\p—m) and (¥1,¥2; ..., Yn—m—p, ) are the eigenvalues and their corresponding
eigenvectors. Because Hisa symmetric matrix, y; are perpendicular to each other, that is ?ZT yi =
dij, where 0;; is the Kronecker delta. This means (¥1,¥2, ..., Yn—m—p,) form a base in R*~" 7P+ and
}A’? IA{SIJ- = \; 0;;, which are two important properties that we will use in the following reasoning.

Recall that each pair of (\,¥y) satisfies the KKT condition, we would like to use the second
order condition to determine whether ¥ is a minimum. Taking one eigenvalue \; and its eigen-
vector ¥;, the Hessian for this solution is V2L = H-— A I, and we would like to determine its
positiveness in subspace M = {X € R”*m*pﬂ??i = 0}, which is the subspace generated by the
base (F1, -y Yie1s Yitls - Ynom—p,)- We project V2L to this subspace using the two properties
that were described above

/\1 _)‘iy

K. VL. K = Aot — N\, (1.18)

where | | | |
K=|9%, ... Ji-1, ¥it+1, - Yn-mp, (1.19)
| | | |

The projected matrix in (1.18) is diagonal, and we have the eigenvalues directly.

Suppose A1 and y; are the smallest eigenvalue and its eigenvector, then all the eigenvalues of
the matrix (1.18) are positive. Thus, the pair (A1,y1) is a local minimum. If we take another
eigenvalue, Ay — A\; must be negative, and y; is not a local minimum. Consequently, only the
eigenvector of the smallest eigenvalue is the minimum, and the objective yTﬁy at this point is
yTHY =M.

Recall that H is positive definite if the objective at the minimum is positive. Therefore, the
discussion of the positivity of His equivalent to discussing the positivity of its minimum eigenvalue.

1.3 Numerical optimization

The optimization theory gives the basic idea on how to find an optimum. Many optimization
problems are highly nonlinear and numerical methods are required. In this part, we introduce two
numerical methods, which are used in this thesis.

8
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1.3.1 Sequential quadratic method

The sequential quadratic method, also called sequential quadratic programming (SQP), is based on
quadratic programming, which deals with optimization problems with quadratic objective functions
and linear constraints. SQP solves nonlinear constrained optimization problems in steps. At each
step, the nonlinear problem is linearized and solved by quadratic programming to derive the
direction leading to the final result.

Compared to the interior-point method that will be presented in the next part, one key point
of the SQP method is the need to determine whether each inequality constraint is active or not.
Indeed, a proper name of this SQP method is the active-set SQP method.

For better performance, there exist a number of variations of the active-set method, please refer
to chapter 18 of (Nocedal and Wright, 2006). Here we explain the basic idea and our numerical
scheme.

Description of the method

To initialize the algorithm, we provide an approximate solution xg, and the related guess of active
inequality constraints. To explain the iterations, supposing at step k, the value of the variables xy,
and the Lagrange multipliers are (Ag, ) are known, to find the step p towards the final solution,
we linearize both the equality and inequality constraints of problem 1.1 to obtain

) 1
min Fr(xi) + V fi(xi)'p + ipTVf{xL’k(xk) p
subject to Vh(xk)Tp + h(xy)

o (1.20)
Ve(xi) p+g(xp) >0

The new iterate is given by (Xx + Pk, Ai+1, Hry1), Where pg, Apy1 and py; are the solution of
the linearized problem. The solution of the original non-linear optimization problem is found by
iterating until |p| goes under a certain criterion.

We again apply the KKT condition to this sub-problem. If p* is a relative minimum of the
problem, and A* and p* are the related Lagrange multipliers of the linearized problem, then

V2 Lep" + Vi — X Vh(xy) — p* Ve(xy) =

) 1.21a
Vh(x;)" p* + h(xx) =
)

1.21b

1.21c
1.21d

( )
( )
Ve(xi) p* + g(xk ( )
( )

The system is linear with respect to the unknown step p. We can also understand it as a Newton
step of system (1.1).

Imagine we already know the indices of active inequality constraints, then these constraints
can be treated as equality constraints. We use h to mark the equality constraints and the active
inequality constraints. Then the above system can be written in matrix form

| =V
_ [ b ] . (1.22)

VixcLr(xk) —VhT (xy)
—Vh(xk) 0

p
A

This linear system can be solved easily. Thus, the key to the SQP method is to find the indices
of active inequality constraints. At each step, we check all the inequality constraints and their
corresponding Lagrange multipliers to determine if each of them is active or not. After solving
step (1.22), if an inequality constraint is violated, we set it active, which means it is treated as an
equality constraint at the next step. If a Lagrange multiplier of inequality constraint is negative,

9
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the corresponding constraint is set inactive, which means the Lagrangian multiplier is set to zero,
and the constraint is not included in the next solving step.

For better convergence and stability of the algorithm, after solving equation (1.22) we adjust
the step length with regard to inequality constraints. If x; 4+ pj violates one of the inequality
constraints, we multiply the step by a coefficient o < 1, such that x;y1 = x; + apr. This
strategy is called the line search, and « can be understood as the control of step length towards
the minimum.

Please remark that the described scheme does not use the second-order stability condition, and
we are basically using an iterative method for solving V£ = 0 with constraints. For this reason,
the solution found is not necessarily a minimum but an equilibrium.

Below we state the SQP algorithm used in our study in a simple form.

Algorithm:
Initial : choose an initial point (xg, Ao, o), and the related active set.
Repeat until a given maximal number of steps:

Evaluate fi, V fr, VixLr, (1), Vh(xk), g(xk), VE(xk).

Solve 1.22 to obtain step py and Lagrange multipliers Ap1, ptg -

if ||px|| < tol :
break
else

Evaluate x5 4+ pi to determine coefficient «
Set xp41 < X + o pg
Reset active set according to the value of h(xy11) and gy 4

1.3.2 Interior-point method

In our studies, we use the optimizer JPOPT, which is an implementation of a primal-dual interior-
point algorithm with a filter line-search method for nonlinear programming, see the references of
Byrd, Hribar, and Nocedal (1999), Wichter (2002), Andreas Wéchter and Biegler (2004), Wachter
and Biegler (2006). This is one of the variants of the interior-point methods. Although the
use of this optimizer does not require advanced knowledge of interior-point methods, a basic
understanding is necessary to set the parameters of the optimizer, and thus increase efficiency.

Interior-point methods can be seen as barrier methods or continuation methods. To explain
this, we reformulate the problem 1.1 as

e/

(
subject to h(x) =0, heRP (1.23)
( s

where s is a vector of slack variables.
The algorithm basically solves a sequence of barrier problems with a series of positive param-
eters { g}

min  ¢(s) = f(x) — Y _ In(s;)

X7S .
=l (1.24)
subject to h(x) =0
— 8 =

g(x) 0

10
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Thanks to the properties of the natural logarithm function, the term uy Y%, In(s;) prevents s
becoming negative. When py, converges to zero, the solution of problem (1.24) converges to that
of the initial problem (1.23).

To briefly explain the equivalence, we write out the first-order optimality condition for problem
(1.24)

Vi—(Vh)lTy - (vg)fz=0 (1.25a)
prSle+z=0 (1.25b)

h(x)=0 (1.25¢)

g(x)—s=0 (1.25d)

where y and z are Lagrange multipliers, S™! is a diagonal matrix whose diagonal composed by
3;1, e=[1,1,..,1]7. And the KKT condition of the problem 1.23 is

Vf—(Vh)Ty - (Vg)lz=0 (1.26a)
Sz —pue=20 (1.26D)

h(x)=0 (1.26¢)

g(x)—s=0 (1.26d)

where S is a diagonal matrix whose diagonal is the vector s, and u = 0 is an added parameter.
Note that the only difference is (1.25b) and (1.26b). We can multiply (1.25b) by S, and the two
equations coincide. This proves the problem (1.24) can be interpolated as the original problem
when i goes to zero.

The term “interior-point” comes to the fact that early barrier methods use directly the inequal-
ity constraints in the barrier function but not the slack variables s. The initial point xg is assumed
to be feasible with respect to the inequality constraints and the barrier methods keep the iterates
inside the feasible region. Most of the modern interior-point methods can start at any initial point
even if it is not feasible, we only need to ensure sg > 0 and pg > 0. This is one advantage of
introducing slack variables.

In appendix A we list some important parameters that should be paid attention to.

1.4 Stability and bifurcation

In dynamic systems, the notion of stability is related to the stationary solutions, also known as
the equilibria of the differential equations. If the system is able to return to the equilibrium after
a small perturbation, then this state is stable, and if the system diverges away, then it is unstable.

When a system parameter passes through a certain value, the system changes qualitatively the
number or type of equilibria, periodic orbits, or their stability, and we say the system undergoes
a bifurcation. That means the critical thresholds where stability properties change are marked
by the bifurcation points. For example, a stable solution may lose stability (Hopf bifurcation),
or split into multiple equilibria (saddle-node bifurcation). Thus, the concept of stability and the
bifurcation theory are fundamentally tied together.

Moreover, the stability and bifurcation analyses are also related to the optimization theory
presented in section 1. Schulz and Pellegrino (2000) have shown how a mechanical system subjected
to the unilateral constraints differs from the standard system, and how the KKT conditions in the
optimization theory are applied in this case.

The concept of stability and bifurcation is important in a wide variety of contexts, including
cell differentiation and pattern formation in multicellular organisms (Raj and Bose, 2024), the
wave propagation in excitable media (Hagberg and Meron, 1998), the transition to turbulent flow

11
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(Shimizu and Manneville, 2019), and also for the hydrodynamics in general (Charru, 2011). No-
tably, these notions not only apply to dynamical systems. The general bifurcation theory involves
the study of differential equations and their asymptotic solutions, and naturally finds its appli-
cations in the domain of the mechanics of structures. For example, Groh, Avitabile, and Pirrera
(2018) proposed the generalized path-following method combined with the finite element method,
which determines the stability and bi-stability of structures and helps the design of functional
structures.

In this section, we introduce the concept of stability in static system with the help of energy
potential. Following that, the concept of bifurcation is also given within the static systems. We
also include some general bifurcation theory and numerical methods for the bifurcation analysis.

1.4.1 Stability

The word ‘stable’ is used by everyone in daily life. In the Oxford English Dictionary, it is explained
by fized or steady; not likely to move, change or fail. Here we would like to discuss stability in the
mechanical context.

In conservative systems, a stable equilibrium corresponds to a local minimum of the potential
energy. We illustrate this notion in figure 1.1a: all the small balls are at an equilibrium state,
but only the first two are stable in the general sense. Specifically, the first one is asymptotically
stable (Seydel, 2010). With dynamical notions, if the initial state is stable, small perturbations
remain small as the time approaches infinity. A more rigorous definition of stability (in the sense
of Lyapunov) can be found in the reference Verhulst (1996).

While the definition and analysis of stability can be introduced within dynamical systems, it
is also possible to check stability in static systems. In this case, a stable equilibrium is a local
minimum of the potential energy. Then, the direct application of the optimization theory is a way
of finding equilibria and their stability. From KKT conditions, one derives the system of equations
for equilibrium, and the second-order sufficient condition provides the stability of an equilibrium.
For complex systems, the solutions are often found by numerical methods, most of which require
a discretized version of the continuous system. In this case, the basic principle of stability analysis
does not change, examples of stability analysis of discretized systems can be found in the example
in section 1.7. More examples and a more specified presentation can be found in reference Lazarus,
Maurini, and Neukirch (2015).

B

® @
[ ) P
.
P ®
&
(a) Equlibrium and stability (b) Domain of attraction

We use figure 1.1b to add some remarks. There are four small balls, all at equilibrium state.
A, B and C are stable, and D is unstable.

o A stable state is at the local minimum, it is not assured to be the global minimum, for
example the small ball A.

e The energy of an unstable state may also be lower than that of a stable state, for example,
the small ball A has higher energy than D.

12
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e The domain of attraction, defined by the set of all initial values which converge to the
equilibrium, is different for each stable state. For example, the small ball B has a small
domain of attraction, we call this state a weak equilibrium.

1.4.2 Bifurcation

In general, the behavior of a physical system depends on a certain number of parameters, for
example the behavior of a loaded column depends on the imposed load P (shown in figure 1.2a).
When these parameters change, the behavior of the system changes, and sometimes the change can
be qualitative. For the loaded column, if the load is small enough, no significant deformation can
be observed; when the load exceeds a certain value, known as the buckling threshold, the column
buckles. If the load reaches a very large value, the column might even break.

g 7
2
Q‘ _______
> Iz
=
=
B
=
(a) Nlustration : loaded column (b) Bifurcation diagram

Figure 1.2: Example : loaded column

It is important to understand how the system evolves as the relevant parameters are varied.
Depending on the parameter values, both the number of equilibrium solutions and their stability
may change. These behaviors are naturally captured and analyzed within the framework of bifur-
cation theory. The word ‘bifurcation’ is first introduced by the French mathematician and physicist
Henri Poincaré. Now ‘bifurcation’ is used in a general way to indicate branching behaviors and
changes in a system (Verhulst, 1996).

For a better visualization, we use a bifurcation diagram to show the evaluation of the system as
one parameter changes. Figure 1.2b is a bifurcation diagram of the example of the loaded column.
In this example, the parameter in question is the load P, and we choose the vertical position of
the middle point as an indicator of the changes, but the choice is not unique. As we can see,
when P passes a certain value, the number of equilibrium solutions increases from one to three,
which is the branching behavior. Moreover, although the non-buckled form of the column is still
an equilibrium solution, it is no longer stable. In fact, this is a classical example of pitchfork
bifurcation. Other types of bifurcation include saddle-node bifurcation, transcritical bifurcation,
Hopf bifurcation, etc. Champneys et al. (2019) not only list different types of bifurcation but also
provide several examples related to elasticity and deformation of materials and structures.

The bifurcation theory is closely related to discussions of stability, and it is a whole domain of
study, having a variety of applications. For foundational and detailed expositions, please refer to
Seydel et al. (1991), Seydel (2010), Strogatz (1994), and Verhulst (1996).

1.4.3 Continuation method

Most physical systems involve non-linear behaviors and possess intricate energy landscapes. Con-
sequently, the related bifurcation diagrams may not be as simple as the one presented in figure
1.2b. In practice, the bifurcation diagram is usually drawn by a series of points, which are the
numerical solutions as parameters change. To carry out the bifurcation analysis, one should ask
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how to select and construct these points. Continuation methods can be used to generate such
sequences of solutions and construct the branches. For this reason, these methods are also called
branch tracing or path following methods. Here we present such methods and portions of this part
closely follow the presentation in chapter 4 of the book of Seydel (2010), with adaptations made
to fit the context of this thesis.

Continuation methods are also extremely useful for solving highly nonlinear problems. Usually,
solvers converge badly if the initialization is far from the solution, a highly nonlinear solution that
does not have an analytical approximation may be hard to find, but one can start from a point
that is close to the linear approximation, and use the continuation method to reach the highly
nonlinear solution.

Given the system of equations of the equilibrium f(y, A\) = 0 (f € R™), which could be obtained
for example by applying KKT conditions on the discretized system. y = [y1, ..., yn] € R™ are the
variables of the system and A € R is a parameter to be discussed.

The basic idea behind the continuation method is the predictor—corrector principle. One starts
from a solution y; with parameter A1, aiming to find the next point ys with parameter Ao on the
branch. Repeating this process, we will have a series of points from A; to a targeted value of A.
Each step from (y;, Aj) to (¥j+1,Aj+1) is split into two parts:

predictor N corrector

(¥j, A\j) ¥, Aj) ———  (Yir1 A1)

The intermediate point (yj,/_\j) is an initial guess of the next point, and can be seen as the
initialization given to the solver to find the next step.

Step length is the distance between two points (y;,A;) and (yj+1,Aj4+1) on the bifurcation
path, and can be approximated by the predictor. In addition to equation f(y,A) = 0, we also
need a relation that locates solution points on the branch, that is the parametrization strategy of
the branch.

Predictor, corrector, parametrization strategy and step length control are the four important
ingredients of continuation methods. The ingredients are not bonded and can be combined freely.

Local parametrization As we are searching branches for different values of parameter A, the
natural choice of continuation is to solve the system for a series of chosen values of A, that is to
parameterize the branch by A, like what is shown in figure 1.3a. Indeed, any of the components
y; (i = 1,...,n) can be chosen as the fixed parameter to generate the branch, and this kind of
parametrization is called local parametrization because it uses the variables and parameters of the
system to parameterize the branch.

Suppose we use the A parametrization. For each \;, we want to find y;, solution of g(y) =
f(y,A\j) = 0. This also means that S\j in the predictor is just 5\j+1. For y;, the simplest choice
is y;. There are more sophisticated choices, but usually it works well when the increment in A is
reasonable.

This strategy is often used when the main objective is to find a highly nonlinear solution for
a given A value. However, it may fail or miss out some part of the branch when used to track a
folded branch in the bifurcation diagram. Figure 1.3b illustrates one of such cases. To overcome
this problem, we define the parameter of the next step \j;1 as a free variable, and add another
equation to close the system.

Arc-length or pseudo-arc-length continuation In fact, the name arc-length comes from arc-
length parametrization. As its name of suggests, the branch is parameterized by its length s, y
and A are functions of s, such that (y;, A;) = (y(s;),A(s;)). To find the next point, the system to
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(a) (b) (c)

Figure 1.3: Continuation methods and construction of points

solve is

f(y,\)=0 (1.27a)
Py A 8) = Iy = y(s)IP + (A = A(s;))* = (s = 55)* =0, (1.27b)

where s is given by the user, and the step length is s — s;.
For pseudo-arc-length parametrization, the second equation is

Py, A 8) = Clly = y(s5)[17 + (1= O = A(s5))* = (s — 55)° = 0, (1.28)

where 0 < ¢ < 1 is a tuning factor used to place the emphasis on y or A. This is useful when the
scales of the variables y and that of A\ are very different.

In the scope of this thesis, the term arc-length continuation is used in a general sense, such
that the branch is not generated with local parametrization. Apart from the additional equation
proposed by classical arc-length continuation and pseudo-arc-length continuation, there are other
choices that can easily generate the sequence of points that well represent the branch.

Supposing we have already generated points A = (y;j—1,\j—1), B = (y;,A;), shown in figure
1.3c. Then we can calculate the predictor C' = (¥}, \;) with

AB

BC=aq - ——
“ |AB|

(1.29)

where a is a parameter related to step length control. We then try to find the next point D =
(¥j+1,Aj+1) such that

AB-CD =0 & (yj41—y;)(Ajr1—Aj) =0 (1.30a)
f(yj+1,Aj41) = 0. (1.30D)

With all the previously presented theories and numerical methods about optimization, stability
and bifurcation, in the following we illustrate their applications with some basic examples.

1.5 Example : planar Elastica

Led by Bernoulli and Euler, scientists created theories of the mechanics of rods and strings un-
dergoing planar deformation since the seventeenth century and this domain of study still thrives
nowadays.

Sophisticated models and theories can be found in articles, manuals and books, for example
Antman (2005) and Bedford and Liechti (2020). Here we show the plane system of Elastica under
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planar deformation. This model is a basic representation of slender rods, and is important for our
models of confined structures.

In this example, we show how to derive the system of equations by constructing a Lagrangian
and calculating its variation. Then we use the shooting method to solve the equations and use the
continuation method to calculate branches.

The stability of the solutions is not discussed, interested readers can refer to for example the
study of Levyakov and Kuznetsov (2010).

The setup is shown in figure 1.4. The Elastica is an inextensible beam of length L and bending
stiffness F1 is clamped at two ends. It deforms under displacement control A at one end.

A
Y
0
0(s)
»(s) : Vop
a 1 _»
Ofs=0 x(s) s=L IA )E

Figure 1.4: Planar Elastica under compression

K, 0, x, and y are the curvature, the flexion angle, the horizontal and vertical positions of the
Elastica, all of which are functions of s, the curvilinear coordinate. By definition, they are related
by differential equations

2'(s) = cosf(s), y'(s) = sinf(s). (1.31)

And the boundary conditions are
z(s=0)=0, y(s =0) =0, O(s=0)=0, (1.32a)
x(s=L)=L(1-A), y(s=1L) =0, O(s=L)=0. (1.32Db)

Using the energy minimization method, we start from the total energy of the system

L1 9
&= §EIQ' (s)ds, (1.33)
0

and build the Lagrangian with the differential equations from above
LEI 12 / / .
L= /0 79 (8) + ng(s) [2'(s) — cosO(s)] + ny(s) [y (s) —sinf(s)] ds. (1.34)

ny(s) and ny(s) are the Lagrange multipliers associated with the constraints (1.31). They have the
dimension of forces. We choose to add these two differential equations to the Lagrangian because
it is easier to apply the boundary conditions on x and y.

Following the energy minimization method, the variation of the Lagrangian should be zero.
We use (-) to mark the variations of unknown variables, and the variation of the Lagrangian is

L
L :/ EI0'0' + n, [:E’—i—é sin@} +ny [y_’ -6 COSH} ds.
0

As we only have fixed boundaries, the variations of the boundary conditions are all zero. Because
of this, the derivative parts obtained with integration by parts vanish. Finally, the variation of the
Lagrangian becomes

L _
L= / [(—EIH” + ngsin® — ny cos0) 0 — n,'z —n,'y| ds. (1.35)
0
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Canceling the factor before variation z and y, we have n,'(s) = n,/(s) = 0, which means the n,
and n, are constant. In fact, their physical meanings are the horizontal and vertical components
of the internal force of Elastica, equal to the forces P and @ in figure 1.4. Then, the term before
variation 6 gives the classical equation of Elastica

EI10"(s) = —Psinf(s) + Q cos 6(s) (1.36)

1.5.1 Dimensionless system

To generalize the solution and facilitate the numerical solving, we adimensionalize the system with
length unit L and force unit EI/L?, and introduce the dimensionless quantities

" .S L. T Y

= == == =2 1.
0=20 §=7 t=7 9=7 (1.37a)
o db . pL? ~ QL2

For the sake of simplicity, we omit the hat in the notation, and the variables presented in the
following are all dimensionless variables.

Note that the non-dimensionalized version of the equations can be obtained by formally setting
L =1and EI =1. And the Elastica equation becomes

0"(s) = —Psinf(s) + Q cosd(s) (1.38)

with equation (1.31) and boundary conditions

z(s=0)=0, y(s
z(s=1)=1-A, y(s

(1.39a)
(1.39b)
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1.5.2 Numerical implementation

Minimization method To solve the above system, we can use a global approach, meaning
implement the problem into a numerical optimizer, for example IPOPT, with objective (1.33) and
constraints (1.39) and (1.31). Through this way, we do not need the Elastica equation (1.38).
Please note that the optimizers are only able to find the local minima, which are the stable
equilibria, not all the equilibria.

Shooting method Another method is the shooting method. This name vividly describes the
principle of the method. If we throw a ball from a fixed point towards a target, we need to find
the right angle of shooting, such that the ball hits the target precisely. In practice, we usually do
not succeed with a single shot, and we gradually adjust the shooting angle to achieve the goal.
This illustrates the three main ingredients of the shooting method: unknowns to find (the shooting
angle), integration (shooting), and adjustments.

In the example of planar Elastica, we want to find the right value of P, @ and ¢'(0), integrating
the differential equations (1.31) and (1.38) with the boundary conditions on s = 0 can precisely
‘shoot’ the three boundary conditions on s = 1. This method is implemented in Python using the
rootines solve_ivp! and root? of scipy package.

Different from the minimization method, this method can find all the equilibria, but their
stability should be discussed. We use the shooting method to solve the problem and show how to
find branches with the continuation method.

!solve_ivp solves initial value problems with numerical integration
2root finds a root of a system of nonlinear equations.
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1.5.3 Bifurcation branches and mode 1/2

In this problem, the only control is the end displacement A. Thanks to the shooting method, the
unknowns of the system are reduced to P, @, and x(0). The system parameter and the unknowns
form the global representation space (GRS) (Domokos, 1994), and we search solutions in this space.

To solve the system for a fixed A, we need to start from an initial guess. Because the solution is
not unique, the final solution found by the numerical method depends on the initialization. If it is
too far from any solution, the algorithm will not converge. For small A, the linear approximation
is still close to the real solution, but it is not the case for large A. Thus, we use the local
continuation method described in section 1.4.3 with the control parameter A, gradually increasing
A from a small value. We can use the linearized solution of any buckling mode as the initial state.
Figure 1.5a and 1.5b show respectively the solutions bound by mode 1 and mode 23 initialization.
Following this method, nonlinear solutions of any higher-order buckling mode can be obtained by
choosing the appropriate initial state.

Form of the beam : mode 1 —— A=0.00 Form of the beam : mode 2 A=0.01
0.4 A=0.20 0.2 A=0.21
( — A=0.40 —— A=0.41
—— A=0.60 — A=0.61
> 0.2 1 > 0.04 —_——
—— A=0.79 ( —— A=0.81
— A=1.00 —— A=1.01
0.0 A=1.19 =0.2 A=121
-04 -02 00 02 04 06 08 10 — A=145 -04 -02 00 02 04 06 08 10 — A=l4l
X X
(a) Mode 1 buckling (b) Mode 2 buckling
30
201
20 _ 104
2
0 < § ol
_20 x
—101 Form of the beam : mode 1/2
100 o :
-200 0 —201 '
~100 Q
p 0 -100 -30 . . ; ; .
-200 -150 -100 -50 O 50 034
5 .
30
100 027
201
> _/
501 |
10
—— Model . 0.1
o 0+ — Mode2 53, 0
—— Model/2 0.0
~501 —10 '
_20,
~100 —01d
T u T T T -30 T T T T T T T T T
-200 -150 -100 -50 O 50 -100 -50 0 50 100 -0.1 0.0 0.1 0.2 0.3
3 Q x
(c) Bifurcation branches (d) Mode 1/2

Figure 1.5: Solutions of the planar Elastica and the bifurcation branches.

In a bifurcation diagram, there is a branch connecting the branches of mode 1 and mode 2,
we call it mode 1/2 (Domokos, 1994). For mode 1/2, A = 1, the two ends of the beam are joined
together, and the beam forms the 8-shape. In fact, when we look at mode 1 and mode 2 at A =1,
both look like 8 but with different orientations, one can imagine how this branch joins mode 1 and

3Mode 1 corresponds to the stable equilibrium of buckled Elastica, and mode 2 corresponds to the first unstable
equilibrium. Other modes are defined in the same manner
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mode 2 by turning the 8 around.

Because the system parameter A is fixed to 1, we cannot use the local parametrization by A.
Thus, we apply the simplified arc-length continuation method described at the end of the section
1.4.3. In fact, the most difficult step is to find the first two points on the branch. To achieve
this, we choose the solution of mode 1 at A =1 as the first point, then add random perturbations
to this point and use the perturbed point to initialize the algorithm. The algorithm may fail to
converge or find the first point again, so we repeat the random searching until another point on
the mode 1/2 is found.

The solutions of mode 1/2 obtained by our continuation method are shown in figure 1.5d,
where we observe well the turning 8 as expected. In figure 1.5¢, we draw the branches in the global
representation space (P, @, x(0)). All branches have certain sorts of symmetry, this is due to the
symmetry of the problem itself, and it makes another good example of the pitchfork bifurcation.
The branch for mode 1/2 connects those of mode 1 and mode 2, which also verifies our proposal
made earlier.

1.6 Example: simple drop on a substrate

Here we give another example to illustrate the energy minimization method with functional vari-
ation. We consider a droplet of constant volume V' attached to a substrate, see figure 1.6. The
system is described in 2D, assuming that there is a translation invariance along the z direction.
The surface energy of liquid-gaz, liquid-substrate, and substrate-gaz interfaces are marked by ~;,,
Vis, and 74 respectively. The density of the liquid is noted p, and g is the gravitational constant.

Figure 1.6: Geometry description of a drop on a rigid substrate

We would like to find the form of the interface using a curvilinear description of the geometry:
0(o), x(o) and y(o), where o € [0,1] is the curvilinear coordinate. These functions are related by

de _ 2'(0) = Lcosb(o), % =

o= y'(0) = lsin (o), (1.40)

where / is the actual total length of the interface, an unknown of the problem.
To find the geometry, we minimize the total energy of the system, that is the addition of the
surface energy and the gravity energy

1 1
0 0

under the volume constraint .
V= / y(0)a!(o)do, (1.42)
0

and the boundary conditions z(0) = y(0) = 0, and y(1) = 0.

19



CHAPTER 1. OPTIMIZATION, STABILITY AND BIFURCATION

With that, we build the Lagrangian
1 g 1
L=yl + / (—A’y:ﬁl + ?yz a:’) do + p {V — / ym’da}
0 0

1 (1.43)
+ /0 ng (o) [¢" — Lcosb] — ny(o) [y — £sinb] do
ny(0), ny(o) and p are the Lagrange multipliers. We choose these notations because n,(s) and
ny(s) have the same dimension as linear forces. We note that this energy has to be understood as
per unit length along the z direction.
Furthermore, we use (7) to mark the admissible variations of the unknown variables. These
variations should satisfy the boundary conditions z(0) = 0, y(0) = 0, and y(1) = 0. And the
variation of the Lagrangian is

L= [fylg — /01(0089 +sin6) da} {4+ [-Ay +ng(1)] 2(1)

Lrd g _ _
+/0 Lla (A’Y =Yty - ”i) 2+ (pgya’ — pa’ —n'y) g (1.44)

+ (ngl cos — nylsin ) 0} do

At the minimum, the variation of the Lagrangian should be zero for any admissible variation
(). Therefore, we require the factor of each variation to vanish:

ng cos — nysinf = 0, (1.45a)
Ay — %yQ + py — ny, = Cste = 0, ng (1) = Av, (1.45Db)
n'y = pgyz’ — pa' = € (pgy — ) cos, (1.45¢)
Mg = /Ol(nx cos f + ny sin ) do. (1.45d)

We differentiate equation (1.45b) with respect to o:

n'y =~ (pgy — )y = —L(pgy — p)sino. (1.46)

To further interpret the equations, we introduce the tangent vector ¢ = (cos,sin f) and the normal
vector 7i = (—sin#, cos #) of the interface, which are also shown in figure 1.6. The two vectors are
perpendicular, and they are related by

dt  d (cos®)\ (—sin0)\do
da_do<sin9> N ( cos@)da_e " (1.47)

Introducing vector N = (ng,n,), then we can rewrite equations (1.45a), (1.45c), (1.45d), and
(1.46) as

N-i=o0, (1.48a)
L, —
wgz/ N-fdo (1.48D)
0
AN (v, —sinf B
o = (n,y> =L (pgy — 1) < cos 0 ) = {l(pgy — p) . (1.48¢)
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The first equation indicates that N is parallel to ¢, and we can assume that N = f(o) t. where
f(o) is a scalar function. Differentiating this gives

N' = fl(o)t+ f(0) 0 7.

By identification with equation (1.48¢), we have f’(¢) = 0, which means f(c) is a constant. Apply
this information to equation (1.48b), we have f(o) = Cste = 4, then
N = Vg t, = Ng =Yg €080, Ny =ygsind (1.49a)

9/
Ng g = PIY ~ H- (1.49Db)

Finally, the whole system can be determined by 0(0), (o), y(o), £ and . To do so, we solve three
differential equations (1.40) and (1.49b), with four boundary conditions z(0) = y(0) = y(1) = 0
and (1.50), adding the volume constraint (1.42), the system is closed.

With equation (1.49a), we know that N is the surface tension along the interface. For equation
(1.49b), we see the local curvature multiplied by 7, on the left and the hydrostatic pressure on
the right, which is the Young—Laplace equation. Setting equation (1.49a) at o = 1 knowing the
boundary value by (1.45b), we have

Ay = y4cos6(1), (1.50)

which is the Young-Dupré law.

This example shows that the classical laws of surface tension can be derived by variational
approach. Comparing the right-hand side of equation of Elastica (1.36) and that of a drop (1.45a),
we observe similar form. In fact, the interface can be seen as a slender structure that has no shear
force and uniform tension ;4.

1.7 Example: hanging drop with gravity

Here we consider a droplet attached to a substrate and hanging down from the ceiling due to
gravity, shown in figure 1.7. This is a classical problem, and has already been studied long ago.
One can find detailed analysis from the studies of, for example, Michael and Williams (1976),
Padday (1971), and Padday and Pitt (1973).

For notations and definitions, the perimeter of the attachment is fixed with radius a, the
liquid-air surface tension is v, and the mass density of the liquid is p. The system is in 3D.

In this example, we would like to show how to apply the optimization theory, stability analysis
and continuation methods in the discretized system.

Considering the rotation symmetry, cylinder coordinates (r, 1, z) are used, and we only consider
half of the drop. We use curvilinear description for the geometry of the drop (0(s), R(s), Z(s)),
and they are related by differential equations

dR dz

5 R/(s) = cos(s), i Z'(s) = sin0(s). (1.51)

It is also possible to rewrite the derivatives of R with respect to Z as expressions of 6(s):

dR _dR 1 cosf _ 1 (1.52a)
dz  ds dZ/ds sinf  tanf(s) '
d? dd d (d 1 o'
@R _ddR_ d (R) — 3(3) (1.52b)
dz?  dzdz ds\dz) dZ/ds sin® 6(s)
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Figure 1.7: Geometry description of a pending drop

Note that the length of the interface L and the height of the drop H are all unknown. To find
the geometry of the drop under the given conditions, we again use energy minimization method.
The total energy is the sum of surface energy and gravity potential. The surface of air-liquid

contact is ;
S:///wrdzp\/(dr)z—i—(dz)z :ZW/:ORds, (1.53)

then the energy related to capillarity is £,y = vS. The gravity potential of the drop is

H
Porar==pg [ | [(H=2) (rdrdpdz) = —pgm [~ (H ~2) F(2) dz
e =0 (1.54)
— _ g / [H — Z(s)] R(s)sin 0(s)ds,
s=0
In conclusion, we would like to minimize the total energy of the system:
&= gsurf + Pgrav
L L ) (1.55)
= 277r/ R(s)ds — pgw/ (H — Z(s)) R*(s)sinf(s)ds
s=0 s=0
with boundary conditions and fixed volume:
Z(s=0)=0, R(s=0)=0 (1.56a)
Z(s=L)=H, R(s=L)=a (1.56b)
H L
V= // / rdrdiydz = 7r/ R*(2)dz = 7T/ R?(s)sin0(s)ds. (1.56¢)
zJY Jr z=0 s=0
With the above definitions, the Lagrangian of the system is
L
L(R,Z) =n / [271% — pg(H — Z) R?sin 9} ds
= (1.57)

L L
—/ nr(R —cos®) +nz(Z' —sinf)ds — P - (77/ stinﬁds—V>
s=0 s=0

where ng, nz and P are Lagrange multipliers.
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1.7.1 Discretization and the discretized system

To generate the numerical solutions, we adimensionalize the system with length unit ,/plg and

force unit ~ pl. And in the following, all variables are dimensionless. Note that the non-

dimensionalized system can be obtained by formally setting v+ = 1 and pg = 1 in the original
system.

We discretize the interface with equal length, with fixed grid such that sg = 0 and sy = 1,
see figure 1.8, and project the fixed grid to the real length by multiplying the unknown interface

length L.

0s=1/N
—
50 51 S9 S Sit1 SN-1 sy =1
: : — - - — —----- —
to 01 0; On—1
Ro =0 Rl RQ Rl RZ(S) Ri+1 RN—I RN
Zp =10 Z Zo Zi Zi(s)  Zin ZN-1 4N

Figure 1.8: Diagram of discretization

In this discretized system, we have 3N + 1 variables, that are 6;, (i = 0,...., N — 1), R;, Z;
(¢=1,...,N), and L. One can rewrite the relations for the continuous system in their discretized

form:

R(s) = R; + cos(0;) L(s — 5;), s € [si, 8it1]; = R;y1 — R; = cos(0;) Los (1.58a)
Z(s) = Z; +sin(0;) L(s — si), s € [si, 8i41]; = Zi1 — Z; = sin(6;) Lis (1.58Db)
Zy =0, Ry =0, Ry =a (1.58¢)

T Ri+R Zi+ 7Z; Ri + Ris1\?
Edise =T [ 7”1 - (ZN - ”1> < — Z“) sin ei] Lés (1.58d)

N—-1 2
Ri+ Riv1\” |

Viise =T ; [(2> sm9i] Lés (1.58e)

1.7.2 Optimal conditions, equilibrium, and stability analysis

For the discretized system, we show how the system of equations and the stability analysis are
implied by the optimal conditions.
We construct the Lagrangian Lg;sc = Lgisc(0i, Ri, Z;) of the discretized system

N—-1 2
i Zi+ Z; i i .
cdwc—wZ[ SR (7 B ) (B T e] Lés

2 2
-1
- [zvrﬁ(]-zi+1 — R; — cos(0;) Lés) + NZ(Zi 1 — Z; — sin(6;) Las)} (1.59)
1=0
N-—1 ) ) 2
_NB(Ry—a)—P [7? 3 (R’BRZ“) sin(6;) Los — V]
=0

where N and N7 (i = 1,..., N —1) are the Lagrange multipliers associated to (1.58a) and (1.58b).
NE is the Lagrange multiplier associated to the boundary condition R, = a.
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To present this problem in the standard form in section 1.2, we put all the 3NV + 1 variables in
one vector, X = [0;, R;, Z;, L]. The vector g groupes all the equality constraints:

g =[Rit+1 — R; —cosb; Los, Zir1 — Z; —sinb; Los, Rn — a, Vise — V] .

And all the Lagrange multipliers are put in a vector A = {Néz, ...,Nﬁfl,NOZ, ...,Nﬁfl,Nﬁ,P]
Then, one can apply directly the KK'T condition in section 1.2.1 to obtain the system of equations
satisfied by the equilibria. In the same way, a direct application of the second order condition of
optimality gives the stability of a given equilibrium.

More precisely, an equilibrium x* is a solution of

VxLaisc(x) =0,  g(x")=0. (1.60)

To check the stability of x*, one should calculate the eigenvalues of the projected Hessian
matrix H* := KHK7, with H = V2Lg... And K is the kernel of Vyg. If all the eigenvalues
are strictly positive, then the equilibrium is stable. If there exists any negative eigenvalue, the
equilibrium is unstable, and the number of negative eigenvalue indicates the level of instability.

The derivatives are calculated by the algorithmic differentiation feature of CasADi in python,
a detailed presentation of which is given in the next chapter.

1.7.3 Results and discussions

In figure 1.9 we show solutions for two chosen radius value, a = 0.4 and a = 1.6, representing
results for relatively small and large radius.

For each radius value, we show the contact angle (§(L) = 0x_1), drop height (H = Z(L) = Zy),
and the Lagrange multiplier of volume constraint (P) as functions of volume V. Different colors
indicate different stability index, which is the number of negative eigenvalues of H*. Several
solutions with the same value of V' are chosen and the corresponding forms of the drop are drawn
below these diagrams.

To initialize the solver, we start from a small value of volume, such that the solution can
be approximated by a spherical cap. Then the continuation method is used for solving larger
values of volume. From the diagrams, we can see that the control parameter H do not increase
uniformly. Without using arc-length continuation, we cannot access the entire branch only by local
continuation. This shows the utility of the arc-length continuation method.

From the diagrams, we can see that the branches turn around a certain value of V', and the
index changes at each turning point of the branch. The forms of the drop shown below these
diagrams reveal how the change of stability index reflects on the form of the drop.

This example proves the validity of our continuation and stability analysis approach.
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Figure 1.9: Solving results of the pending drop problem for two fixed radius a.
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Chapter 2

Numerical configurations and
convergence study

2.1 CasADi: an open-source tool

CasADi is an open-source tool for nonlinear optimization and algorithmic differentiation (AD) us-
ing a syntax borrowed from computer algebra systems (CAS), which explains its name (Andersson
et al., 2019).

It is important to point out that CasADi is not a conventional AD tool, that can be used to
calculate derivative information from existing user code with little to no modification. However,
it is not a computer algebra system, also known as a symbolic computation system. While the
symbolic core does include an increasing set of tools for manipulating symbolic expressions, these
capabilities are very limited compared to a proper CAS tool.

At the core of CasADi is a symbolic framework implementing forward and reverse mode of AD
on expression graphs to construct gradients, large-and-sparse Jacobians and Hessians. Users can
construct symbolic expressions using a MATLAB inspired everything-is-a-matrix syntax.

The other features of CasADi include integrators, implicit functions, and it supports the cre-
ation of functions based on look-up table. Additionally, CasADi implements several routines for
nonlinear and quadratic optimization problems, and interfaces to several famous optimizers, in-
cluding IPOPT, which we mentioned earlier.

All of these features make CasADi a powerful tool to tackle initial value problems, optimal
control problems, and optimization problems in general.

The notion of algorithmic differentiation (AD) is different from the classical numerical differ-
entiation, for example

D sy = B =100

Day o) = L =Sz =)
To understand the idea behind AD and the advantages of the method, in the following we ex-
plain the concept and illustrate it with a simple example. The next part is a brief introduction
written with the help of Griewank and Walther (2008). For readers who want to have a better
understanding of AD, please refer to the original reference.

(forward differentiation),
(2.1)

(centered differentiation).

2.1.1 Algorithmic differentiation

Algorithmic differentiation (AD), also called automatic differentiation, is a computational method
used to evaluate derivatives of a given function. It differs from symbolic differentiation and nu-
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merical differentiation. AD uses expression graphs rather than expression trees like symbolic
differentiation. Moreover, symbolic differentiation is a subdomain of symbolic computation, focus-
ing on returning mathematical expressions, which may be inefficient when the user’s objective is
only the value of the derivative. Compared to the numerical differentiation, AD does not introduce
truncation errors, related to the value of h in the differential scheme (2.1).

Here we give a simplified example to illustrate some basic ideas of AD. Suppose we have a
program that calculates floating outputs y from floating inputs . To do so, the program needs to
calculate a sequence of intermediate floating values. This sequence of calculation can be described
by an evaluation trace, a record of a particular run of a given program, containing the sequence
of intermediate floating values. Supposing the program calculates the function

y = f(x1,22) = [sin(x1/z2) + x1/x2 — €*2] - [11 /29 — 2], (2.2)

then the related evaluation trace is shown in Table 2.1.

V-1 = I = 1.5000 @

Vo = xIo = 0.5000

vy = wv_1/vy = 1.5000/0.5000 = 3.0000 @
vy = sin(v;) = sin(3.0000) = 0.1411 @

vy = evo = e0-5000 = 1.6487

vy = wv1—v3 = 3.0000—1.6487 = 1.3513 @
vs = wvo+wvg = 01411+1.3513 = 1.4924

vg = wus*xvy = 1.4924x%1.3513 = 2.0167 @

Table 2.1: An evaluation trace of the example. Right: com-

putational graph of the table.

Forward Mode Suppose we want to differentiate y with respect to 1. To do so, we follow the
evaluation trace from the inputs, differentiate each intermediate variable v; up to the output y.
Table 2.2 illustrates this process. Each variable v; is associated with ©v; = dv;/0z.

Using this method, we can obtain the derivative even if there are many more operations to
calculate y from x1, and the total number of operations to evaluate dy/0z; is a small multiple of
that for evaluating y.

This is the basic idea of the forward mode of AD. It is called forward because the derivatives
v; are calculated along with v;, that is in the forward direction.

In the same manner, we can also calculate the partial derivative d0y/0dx2, but if we want to
have the two derivatives, it is more efficient to redefine ©; to be vectors and evaluate several partial
derivatives at once.

Reverse Mode Another approach to evaluate the partial derivatives is the reverse or adjoint
mode. As its name indicates, we do not calculate the derivatives of each intermediate variables
with respect to input, but evaluate the sensitivity of an output variable with respect to each of the
intermediate variables. To achieve this, the analysis must start backwards, that is, from the output
variables. For our example, Table 2.3 shows the evaluation trace of reverse mode AD, which is
called the reverse trace. For each step that leads to a new variable, we calculate the adjoint variable
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V-1 =T = 1.5000 1'},1 == 5'61 =1

Vo = T2 = 0.5000 f)() = i‘Q =0

V1 = 1)_1/7}0 = 3.0000 1')1 = (1')_1 — 1)_11)'0)/7)0 = 1.0000/0.5000 = 2.0000

vy =sin(vy) = 0.1411 | 09 = cos(vy)dy = —0.9900 * 2.0000 = —1.9800
vy = €0 = 1.6487 | 93 = €19 = 1.6487 x 0.0000 = 0.0000

vg =01 —v3 = 13513 | U4 = V1 — U3 = 2.0000 — 0.0000 = 2.0000

vs =v2 +vg = 1.4924 | U5 = U2 + U4 = —1.9800 + 2.0000 = 0.0200

= 2.0167 = 0.0200 * 1.3513

+1.4924 % 2.0000 = 3.0118

Vg = Vs * Uy Vg = Uy * Vg + Vs * U4

Y = Vg =2.0167 | §y = vg = 3.0118
Table 2.2: Forward-Derived Evaluation Trace.
(v =21 =15000 4T mi=va =308
Vo = T2 = 0.5000 i T To = g = —13.7239
vy =v_1/vg = 3.0000 vg = —v1 xv1/vg+v9 = —1.5059 % 3.000,/0.5000
1t —4.6884 = —13.7239

= 1.5059/0.5000 = 3.0118

= 1.5059

(g =¢e"  =1.6487 | |1t wvo=uv3xv3 —2.8437 % 1.6487 = —4.6884 |

loy=v1—v3 =13513 ||t ©3=-o4 = 28437 ]
1_11 = U4 = 2.8437

(o5 =vo+ovg =14924 ||t yu=0va+0v5 —1.4924 + 1.3513 = 2.8437 |
Vo = 175 = 1.3513

lvg =vsxvy =20167 | |1 vs=vgxve —=1.0000 % 1.3513 = 1.3513 |
Uy = g * Us = 1.0000 % 1.4924 = 1.4924

Y = vg =20167 | [t w=y =1

Table 2.3: Reverse-Derived Evaluation Trace.
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of every variable on the right-hand side v; = 9y/d4;, where §; is a new independent variable added
to the right-hand side of the equation defining v;, such that adding a small variation J; to v; will
change the calculated numerical value of y by v;0;. For example, to calculate v5, we see that vs
influence y only by vg = vs * v4, and y = vg. Then v5 = Jy/Ovg * Jvg/Ovs = Vg * v4. As for
U4, it is first used as an entry in step vs = vo 4+ v4 and then in step vg = v5 * v4. To calculate
the final v4, we observe that vy is called in vs = v9 + v4 and then in vg = v5 * vg, which leads to
V4 = 0y/Ove * Ovg /Ovy + Oy /Ovs * Ovs /Ovy = Vg * U5 + Us. In the table, vy is calculated in two steps,
following the reversed order of calculating y, and this presentation is used to show how we build the
reverse mode AD from the output to the input with each evaluation of the intermediate variable,
so the adjoint variable of some reused variables can be calculated incrementally. Different from
the forward mode, with the reverse evaluation sequence, we not only have the partial differential
of x1, but also x2. This is true even though there are a lot more inputs.

With this example, we can generate reverse AD for larger problems. For reverse mode AD, the
total floating point operations of the added lines in reverse trace is a small multiple of that for the
underlying code to evaluate y, but we can obtain the derivatives of all the input variables, while
the forward mode AD needs nearly the same number of operations to evaluate the derivative for
each variable. In many applications, the number of input variables are much larger than the output
variables, and problems of one single objective depending on thousands and millions of operations
are quite common. In this case, the reverse AD can provide an accurate set of first-order derivatives
for a relatively low computational cost.

2.2 Discretization and convergence study

In this part we show and discuss the different discretization schemes used in our numerical simu-
lations.

The deformation of slender structures like beams is the main topic of this thesis. For this reason,
we choose to discuss different numerical schemes over the Planar Elastica example mentioned in
section 1.5.

Recall that the Elastica is clamped at two ends and deforms under displacement control. We
adimensionalize the system by bending stiffness E1 and Elastica length L. Formulating the problem
as a constrained optimization problem, we can use the optimization theories and find the following
system of equations

0'(s) = k(s), (2.3a)
k'(s) = —Psinf(s) + Q cos(s), (2.3b)
2'(s) = cosf(s), (2.3¢)
y'(s) = sin 0(s) (2.3d)
with boundary conditions
z(0) =0, y(0) =0, 6(0)=0 (2.4a)
z(1) =1- A, y(1) =0, 0(1) = 0. (2.4b)

Note that P and @ in 2.3b are respectively the Lagrange multipliers for boundary condition z(1)
and y(1).

2.2.1 Rod discretization

The most basic discretization is to connect discrete points by straight lines. Thus, each edge has
a constant angle 6;, and a more detailed definition is shown in figure 2.1. This is equivalent to
approximating the continuous beam by rigid rods, so we call this rod discretization.
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_ —20N —
Ko = % K1 = —‘915800 ds=1/N KN-1 KN =" 55
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Figure 2.1: Rod discretization

We give some remarks on this discretization. First, the geometry of the system is defined by
0;, but only the curvature k appears in the energy definition. Therefore, we define

(0; — 0i—1)
ds ’

Ki = s € [s; —0s/2,s; +ds/2], (i=1,..,N—1). (2.5)
This is the derivative of #; calculated with the finite difference method. Each k; is supposed to
cover a scope of ds centered by each node s;, shown in figure 2.1.

Second, special treatments should be applied to the boundary conditions of §. We do not fix
the first and last rod to be horizontal, but apply these conditions with kg and xy. With the earlier
definition of k; (i = 1,...,N — 1), there are two parts of length ds/2 beyond the two extremities,
where « is not defined. We use the boundary conditions on 8 to define

2%y
ds’

20N —
KN = — (JS\; L s € [sy—0s/2,sn]. (2.6b)

Ko = s € [s0, 50 +9s/2], (2.6a)

To understand this, we add two spurious edges outside the domain of definition, with related
angle _; and Oy. Then 0(0) ~ (60—1 +60p)/2 =0 and §(sn) ~ (In—1 + 0n)/2 = 0 gives the values
of #_1 and 6y, which can be used in the original definition of x; and leads to the definition of xg
and K.

With k;, we define the energy in the rod discretization as

- 1 290 2 0s —291\[,1 2 0s Nl (91 —(91'_1 2
5‘2{(&) 2*(55 ) 5+i§::1 (53 ) Js ¢ (2.7)
For x; and y;, they are defined by equation (2.3c) and (2.3d) and the boundary conditions,

ro =0, xit1 =z;+ cosb;, Yo =10, yit1 =y;+sinb, (i=1,..,N). (2.8)

2.2.2 Super-Helices

The so-called Super-Helices discretization (Bertails et al., 2006) in 2D version relates discrete
points by arcs of circle. More precisely, each edge has constant curvature x;, and 6;, x;, y; (the
local deflection and position) are defined at points. Different from the rod discretization, here x;
is used in the integrands to give the other kinematic variables, and we can directly express the
energy of the system with &€ =3, %fs?és.

We suppose the Elastica is equally separated into N segments bounded by N + 1 points (from
so =0 to sy = 1), see figure 2.2.
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d0s=1/N
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Figure 2.2: Discretization Super-Helices

The geometry can be recovered by numerical integration from the discretized curvature using
equations (2.3a), (2.3c), and (2.3d).

As k; is continuous per segment, the deflection € is linear per segment, more precisely, from
equation (2.3a):

N s’ o 0i(s) = 0; + ki(s — si), s€[s,8i+1]
ils) =0+ ~/51 ri ds ~ { Oiv1 = 0; + ki ds ’ (2.9)

where ds is the length of each segment.

Discretization variations For equation (2.3c) and (2.3d), we have 3 different discretized ver-
sions. The first one is called the trapezoidal integration, as if cosf or sinf were linear on each
segment, thus

1 1
Tiy1 = X; + i(cos Oiy1 + cosb;)ds, Yir1 = Vi + i(sin 0i+1 +sinb;) ds (2.10)

The second one is called Sinc integration, derived from integrating equation (2.3c) and (2.3d)
with 6;(s) given by (2.9)

zi(s) = x; —|—/ cos 0;(s)ds’ = z; —|—/ cos(0; + ri(s' — s;))ds
S; Sq
1
=x; + - [sin (0; + Ki(s — s;)) — sinb;], (2.11a)

yi(s) = yi + / sin 0;(s)ds’ = y; + / sin(0; + ri(s’ — s;))ds’

1
=y; — — [cos (0; + Ki(s — s;)) — cos 0] (2.11b)
Ki
which leads to
Ti+1 = X4 + (sin 9i+1 — sin Gi)/ﬁi, Yi+1 = Yi — (COS 9i+1 — COS 01)/1@ (212)

The last one is the series expansion of the second one. Starting with

Tiy1 = T; + (sin(0; + K;0s) — sinb;)/k;

=x; + [sin HiM + cos QZSID(KZ(SS)} 0s (2.13)
Ki0S Ki0S
Yir1 = Yi — (cos(0; + K;ds) — cosb;)/k;
Ki0S Ki0S
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and using the series expansion

s1nx_1+i x? cosx_i ) 2i-1
= 2z+1"

(2.15)

we can approximate the second integration with series to the order n, where n is the maximum ¢
value in the truncated series (2.15). For example, for n = 2, we have

P ~ 120 s
cos(rids)=1 _ kids + (ri05)°
K0S ~ 2 24

{ sin(k;9s) ~1_ (més) + (kids)*

(2.16)

Tit1 = x; + [sin@i(—“i;s + ('“68) ) + cos6;(1 — % + %)} s
Yir1 = Ui — [COSQi( m&s + (/{163) )_ sm9i( _ % + %)} ds

2.2.3 Super-Clothoid

We introduce the super-clothoid discretization, but precise studies and numerical implementations
can be found in the work of Bertails-Descoubes (2012), Casati (2015), and Raphaél Charrondiere
(2021).

For this discretization, the curvature is linear per segment, so each edge is an Euler spiral, also
known as a clothoid or Cornu spiral, which gives the name Super-Clothoid. Figure 2.3 shows the
discretization. As the curvature is linear per segment, we introduce 7;, constant per segment, such
that

ﬁi(S) = K; + 771'(5 — SZ'), s € [Si, 8i+1]. (217)

And (ki, 05, x;,y;) are defined at the nodes s = s;.

d0s=1/N
—
So S1 S2 S Sit+1 SN-1 sy=1
: o : Ui o i oo N—1
Ko K1 K2 Ri Ki(s) Rit+1 RN—-1 RN
o 0, s O g Oir Ovo1 On
Zo I o) X i(s) Lit1 ITN-1 TN
Yo hn Y2 Yi sy Y Yn-1 YN

Figure 2.3: Super-Clothoid Discretization

With this definition, the total energy of the system is

sivt 1 N-1 ‘
E= Z / (ki + ni(s — ;)] ds = Z K205 + niki0s® + n3/3533. (2.18)
i=1
We can derive 0;(s) by integrating (2.3a)
0i(s) = / il )ds' = 0+ s — 50) + (s — i) (2.19)

33



CHAPTER 2. NUMERICAL CONFIGURATIONS AND CONVERGENCE STUDY

Integrating equations (2.3c) and (2.3d) is more difficult than for Super-Helices. We choose to
use the Taylor expansion to approximate the exact expression, starting with

da(s) = cosf(s) = cos (91- + Ki§ + 7;152> (2.20a)
_ . . i -9 . s M 9
= cos b; |cos (k;3) cos o8 ) —sin (K;8) sin o5
o | = M2 D\ i (T2
— sin 6; |sin (K;8) cos 58 + cos (k;8) sin 55 )|
df) = sinf(s) = sin (01- + R+ 232) (2.20b)

= sin6; [cos (K;8) cos <2§2> — sin (k;8) sin (ZZ§2)]
. . ~ Ni .o - )
+ cosb; {Sln (K;8) cos <2s > + cos (k;§) sin < s ﬂ ,

where § = s — s;.
The Taylor expansions of sinx and cosx

oo
o D" g1 _ ad P
00 2 4
(=) ¢
cosx = Z 5 M =1- o7 + VTR (2.21b)
"0 ! ! !

are used to write the Taylor expansions of the original expressions (2.20). For example, we consider
the component cos (k;3) cos (%§2) Using Taylor expansion, it becomes a multiplication between

two polynomials. Multiplying a §29-order term from the expansion of cos(x;3) with a (52)2;) -order
term from that of cos("L5%) gives

O I () (222)

Integrating it over [s;, s;+1] gives

1 (=P (=17 o (Th‘)Qp 4
“q (L) ggtrt2atl 88 = Sit1 — Si. 2.23
pr2g+l (2p) (290 Fi\2) . Os=sip1—si (2.23)

In the same manner, we can have the Taylor expansion of the other components in (2.20) to
any given order, then integrate to obtain x and y.

2.2.4 Implementation and Mixed formulation

To solve the system as an optimization problem, we use the optimizer IPOPT from the Python
package CasADi, which are introduced in section 1.3.2 and section 2.1 respectively. More precisely,
we minimize the total energy for each discretization with boundary constraints. Note that the La-
grange multipliers of boundary condition z(1) and y(1) are respectively P and @ in the differential
equation (2.3b)

For all the discretization schemes, there are basic variables from which we can deduce other
variables through integration. For example, the basic variables are ; for the rod discretization,
and k; for the Super-Helices. Thanks to the computer algebra syntax of CasADi, we can define all
the other variables from the basic variables and implement the model as an optimization problem
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with only the basic variables. However, we can also define all the variables in the solver, integrate
along each segment, and relate them by adding continuity constraints in the solver. Following
the work of Blumentals (2017) and Raphaél Charrondiere (2021), we call the former the chained
formulation and the latter mized formulation.

As we put our problem in form of an optimization problem, this method can also be understood
as the multiple-shooting method. In fact, the integrations are used so that we can apply the
boundary conditions at s = 1. This corresponds to the principle of shooting method that has
been explained in section 1.5.2. The multiple shooting method is a variation of the shooting
method. It divides the domain into several segments. The integration is accomplished over each
segment, therefore giving the name ‘multiple’. And we impose continuity conditions at the segment
boundaries (nodes). Taking the Super-Helices discretization as example, with only basic variables,
the discretized optimization problem of the chained formulation is

1
min Z 5/@?618
i

Ri

subject to  On[ri] =0; an[ki] =1—-A; ynlk] =0,

where Oy|k;], n[r;] and yn[k;] are expressions of k;.
As for the mixed formulation, the discretized optimization problem is

. 1
min E ~K20s
Kis0i,T4,y p 2

subject to  0;11 — 0; = K;ds
1
Tirl — T = §(cos 0; 1+ cosb;) s (2.24)

1 . .
Yitl — Yi = §(sm 0; 41 +sinb;) s
o=0; 20=0; yo=0
91\7:0; $N=1—A; yNZO.

Note that the mixed formulation is reminiscent of the methods used in optimal control theory
(Trélat, 2012), and detailed discussions can be found in Part II of the these of Blumentals, 2017.
The implementation of this optimization problem in Python with CasADi can be found in appendix
B.

Intuitively, one may think the mixed formulation takes more time to solve because more vari-
ables are introduced in the solver. However, in practice, using N = 200 discrete points, the same
initial solution and the same solver options, we solved the Planar Elastica problem for a given A
on the same computer using the chained formulation and the mixed formulation, and found that
the chained formulation takes 1.13 second while the mixed formulation only takes 0.31 second.

Although the mixed formulation introduces more variables, the computational complexity of
the mixed formulation is linear, while that of the chained formulation is almost cubic (Charrondiere,
Neukirch, and Bertails-Descoubes, 2024). As a consequence, when the number of elements is large,
the mixed formulation needs much fewer computations, but for a small number of elements, the
mixed formulation may be slower than the chained formulation, see section 5 of Charrondiere,
Neukirch, and Bertails-Descoubes, 2024.

Considering its good performance, we use the mixed formulation to implement different dis-
cretization schemes for the following analysis.
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2.2.5 Results and discussions

To study the accuracy and the convergence of the different discretizations introduced in the former
section, we solve the Planar Elastica problem with different schemes for several different numbers
N of mesh point, and compare the result with the analytical solution (see appendix C). We fix
the end displacement to A = 0.2, a value for which the maximum value of k(s) is around 5.85,
according to the analytical results.

The accuracy is represented by the L1 error

al |uz numerical — uanalytical(si)|
P ~ (2.25)

=0

where u is one of the kinematics variables.

To ensure the comparability between different results, the solver is initialized (warm-start) with
the same state, which is the linearized solution of Planar Elastica.

In figure 2.4, we show the solving time and the L1 errors for different variables as functions of
N. Apart from the discretization schemes mentioned earlier, we also add the data generated by
the 3D solver MERCI (Charrondiére et al., 2020; Charrondiere, Neukirch, and Bertails-Descoubes,
2024). This is a solver written in C++, which also uses the optimizer IPOPT, but applies the
clothoid-based discretization strategy. It can be understood as an advanced 3D (curvature and
twist) version of the Super-Clothoid discretization with higher-order expansion approximation.
Generally speaking, the convergence rate of k error is nearly the same for all the schemes. As for
error, the rod discretization and all the variations of the Super-Helices have the same convergence
rate, but Trapeze integration and the rod discretization have a smaller error. The Super-Clothoid
and MERCI have a higher convergence rate and also smaller errors than other schemes. For z and
y errors, the convergence rate of the Sinc and Sinc expansion schemes is higher (i.e better) than
for the 6 error.

We remark that there is little difference in error magnitude and convergence rate between the
trapezoidal integration of the Super-Helices and the rod discretization, the other schemes are more
accurate and have higher order of convergence rate. It may seem strange as Super-Helices is a
higher order scheme compared to the rod discretization. In fact, for the trapeze integration, we do
not make use of 0;(s) as a linear function along each segment, but only use its value at the nodes.
This is approximately equivalent to considering 6 constant per segment. For the Sinc and order 2
expansion Sinc expansion schemes, the error is smaller, and the convergence rate is higher. These
two schemes have the same accuracy when N is sufficiently large. It shows that even when the
expansion order is small, we can have virtually the same accuracy as the original Sinc integration.
In fact, when x; is approaching zero, the sinc integration scheme may fail because x;ds appears in
the denominator. The Sinc expansion overcomes this inconvenience. Moreover, less computation
time is needed for the order 2 Sinc expansion. For higher orders of Sinc expansion (n > 3), little
difference can be observed with the original Sinc integration, even when N is small. As for the
solving time, the Sinc expansion needs more computation time when the order n is increased, but
it always runs faster than Sinc when n remains moderate (n < 6).

Compared to the other schemes, Super-Clothoid provides the best accuracy under the same
conditions. For dense discretization (large N), we need to change the default tolerance of IPOPT
to allow the scheme to continue improving the accuracy. We illustrate this observation with figure
2.5. In figure 2.5, we also see that the scheme converges faster as the expansion order goes higher,
but the order 5 expansion has the same accuracy as the order 10 expansion. In figure 2.4, we
compare the order 4 Super-Clothoid expansion with the other schemes. It has nearly no difference
from the error magnitudes of solver MERCI, except for very small N. In fact, when n = 5,
no difference can be seen even for small N. This indicates that for the 2D problem of Planar
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Figure 2.4: Convergence study : comparison of different numerical integration
schemes. Trapeze, Sinc, and Sinc,n=2 are respectively the trapezoidal integration,
Sinc integration, and the order 2 series expansion of the Sinc integration of the Super-
Helices discretization. MERCI is the data from solver MERCI. Clothoid,n=/4 is the
Super-Clothoid discretization with order 4 series expansion, and Cst 0 is the rod dis-
cretization.
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Figure 2.5: The influence of the tol option of IPOPT.
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Elastica, good accuracy can be achieved by a small-order expansion, which saves computational
time compared to the higher-order scheme provided by more advanced 3D solvers like MERCI.

As for the solving time, all our schemes need less time than solver MERCI, which is under-
standable because MERCI uses a higher-order scheme and solves an intrinsically 3D problem (more
variables). Apart from MERCI, the Sinc integration is the longest to achieve convergence. This
may be caused by the fact that x; appears in the denominator. The time needed for Trapeze
and Sinc expansion is nearly the same and is the smallest. The computational time for the order
4 expansion of Super-Clotoid is a little larger than the Sinc expansion and Trapeze integration,
which is impressive as it provides much better accuracy. We remark that when the number of
elements is very small, more time may be needed to find a converged solution. This is true for all
the schemes, but not shown in figure 2.4.

Finally, the last figure reflects the performance of each scheme. A good integration scheme and
a good choice of N should have less error and should need less time to converge, that is lie near
the lower left corner of the figure. With this standard, the order 4 expansion of Super-Clothoid is
seen to have the best performance.
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Chapter 3

Treatment of contact condition

Contact problems are of great importance for many real applications, including mechanical and civil
engineering, as well as environmental and medical research. Most movements that we experience
daily involve contact and friction, for example, the simple act of walking or running, driving
cars and riding bicycles. In some systems, the nature and characteristics of the contact are in
essence for delivering the loads and play a fundamental role in the resulting deformation of the
structures. Such systems are often difficult to analyze because the area of the contact as well as the
characteristics of friction are not known a priori. Adding the fact that these problems are usually
nonlinear, it is difficult to characterize the mechanical aspects of these ‘simple’ movements.

Before the rapid rise and improvements of modern computer technology, such problems were
often addressed by using simple assumptions to describe contact and friction. Nowadays, with the
help of increasing computational power, one can deal with contact problems with better accuracy
by applying the tools of computational mechanics. However, better accuracy, robustness and
efficiency of the computational methods are still a challenge. Researchers are constantly developing
new algorithms, and computational contact mechanics has emerged as its own discipline apart from
standard computational mechanics (Kikuchi and Oden, 1988; Konyukhov and Izi, 2015; Wriggers,
2006).

Although friction is an important ingredient for contact mechanics, here we limit our discussions
to the statics of frictionless contacts. As this thesis deals with slender structures, mainly rods and
beams, we focus on the beam contact modelization.

3.1 Conditions for contact

When a mechanical system involves contact, one can formulate the contact via different approaches,
including the strong formulation (directly finding equations for contact bodies using balance laws),
the weak formulation (the approach based on variational principles), and a constrained optimiza-
tion problem formulation.

The classical Signorini problem (Signorini, 1933) consists in finding the equilibrium of a linearly
elastic body in contact with a frictionless rigid foundation, and it is a good example to discuss
the general notions related to contact problems, and to show different formulations of contact
conditions. For example, chapter 2 of Kikuchi and Oden (1988) and chapter 6 of Wriggers (2006)
give the weak formulations of the Signorini problem, which is necessary to address the contact
problem in finite element formulation. In the work of Houssein, Garnotel, and Hecht (2022)
and Houssein, Garnotel, and Hecht (2019, 2023), the finite element method tool FreeFEM and
the optimizer IPOPT are used to compute and solve the contact problem. Note that all of these
formulations do not exclude each other, and one can certainly recover one formulation from another.

As we intend to use an optimizer to solve the contact problem, the geometry and kinematics
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conditions are the most important ingredients to clearly define the non-penetration condition of
the contact, and here we discuss these conditions in 2D.

rigid
A A slave
Y P
¢
r/ n
T
> M

( P(s)
N %

(a) Contact with a rigid obstacle (Signorini) (b) Arbitrary two body contact problem

| .
»

Figure 3.1: Geometry and kinematics of contact problems. Figures adapted from
Konyukhov and Izi (2015)

3.1.1 Non-penetration condition of Signorini problem

To begin with, we consider the classical Signorini problem, involving a contact with a rigid obstacle.
In figure 3.1a we show the system geometry. The rigid obstacle is described by y = ¥(z), and
the initial state of the deformable object is described by y = ©(z). We note u = {u(x),v(z)}
the displacement, such that a point {z,©(z)} at the initial state moves to {x + u,© + v} in the
deformed configuration.

The non-penetration condition in the original and deformed configuration are respectively

O(x) < U(x), (3.1)
O(x) + v(z) < V(x+u). (3.2)

We can apply first order Taylor expansion on the second condition, and derive

@—\IIS—U—i—\I/’u:(u v)(?i) =u-N

where N is orthogonal to the tangent vector of the rigid obstacle. Introducing the unit normal
vector of the obstacle n,;; = N/|N|, we have

0-v < N <0 (3.3)
———— < u-ny —Up,, — .
L+ (w2 = e 9=
where uy,,, is the projection of the displacement onto the normal direction n,;g, and g = 71‘1:(3) =

is the distance along y-axis also projected onto n,;4, which is called the normalized initial gap. This
condition can be interpreted as the non-penetration during the deformation. Please note that the
normal of the deformable body and the normal of the obstacle coincides when they are in contact,
that is n.;g + n = 0.

This condition correlates with the stress, with which we recover the KKT conditions obtained
by the constrained optimization problem formulation. Supposing there is no friction, we introduce
the stress vector, and split it into the normal and tangential part:

o=o0,n+0,T, (3.4)
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where n and 7 are the normal and tangential vectors shown in figure 3.1a. The KKT conditions
are

{un —g=0,and o0,<0 contact Complementary condition: (3.5)

up —g <0,and o, =0 no contact (up — g)on =0

The Signorini problem is basic but important for computational contact mechanics. For more
detailed discussions please refer to (Kikuchi and Oden, 1988).

3.1.2 The ‘master-slave’ approach and the detection of the closest point

In this part, we generalize the contact conditions for an arbitrary two body contact problem, in
which the ‘master-slave’ approach is proved to be very efficient.

Suppose that we have two bodies in the global frame of coordinates XOY, shown in figure 3.1b.
The two bodies are called respectively the master and the slave. Sometimes the ‘master body’ is
also called the ‘mortar part’, and the ‘slave body’ is called the ‘non-mortar part’. To understand
the definition, the observer is placed on the master body, on which a local coordinate system is
thus defined. Here we use its natural coordinate s, also known as the arc-length coordinate. A set
of possible contact points on the slave body is monitored so that the two bodies will not penetrate
into each other.

In the scope of this thesis, we are interested in the beam-to-beam contact, and Wriggers (2006)
argues that the typical distinction in slave and master elements is not needed in this case, but we
introduce this notion for the basic knowledge of contact problems, and also to present the closest
point project procedure, which is related to the ‘master-slave’ approach. This procedure finds the
point on the master body that has the smallest distance to the given slave point.

Suppose the surface of the master body is described by p(s) = OM, where O is the origin and
M is a point on the master body. We would like to find the smallest distance between the master
and a given point P of the slave body. We note vector OP = r, then finding the point on the
master surface that is closest to P can be reformulated as

. . 1
Find s, s.t. min F(s) = §||r —p(s)||==z(p(s) —r) - (p(s) — ). (3.6)
At minimum, the derivative of F(s) is zero, that is

(p(5) = 1) =05 (pls) ) -7 =0, (3.7)

where 7 is the tangent vector at point M. This condition means that the position vector of a slave
point r can be expressed as

r(s.¢) = p(s) + (. (3.8)

where n is the normal vector at point M. This expression is a transformation between the local
coordinates (s, () and the global coordinates (X,Y’), and it measures the contact interaction with
local coordinates (s,(). The natural or arc-length coordinate s, is responsible for the tangential
interactions, which is important for problems with friction, while ( is related to the normal inter-
action. When ( is positive, the two bodies are not in contact. When ( is zero, the slave point P
is on the contact boundary, and a negative ¢ implies interpenetration.

Please note that one can easily reapply the conditions discussed in the Signorini problem to
the ‘master-slave’ system.
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3.2 Beam-to-beam contact

The conditions that we discussed previously are for general contact mechanics, but here the prob-
lems we are interested in involve mainly 1D slender structures. Hence, in this part, we focus on
beam-to-beam contacts.

The contact problem of beams is important for science and engineering. Indeed, the main
components of many systems are slender rods or fibers, typical examples include racquet strings,
industrial webbing, woven fabrics, high-tensile ropes and cables, but also some biological systems
such as hair (Daviet, Bertails-Descoubes, and Boissieux, 2011; Derouet-Jourdan et al., 2013), or
biopolymer networks. These structures can be identified as 1D solids in space, and they can come
into contact during the motion. Compared to contact between 2D or 3D solids, the geometry
description of 1D curves in space leads to some specialities in beam-to-beam contact. In section
12.1 of reference Wriggers (2006), the contact kinematics between two beams with circular cross-
sections in 3D space are described. The normal contact condition is based on the minimum distance
between the two subjects, which is related to the non-penetration condition and the closest point
project procedure that was mentioned previously. Further, the tangential contact conditions and
the normal contact conditions between two beams with rectangular cross-sections are discussed.
More details about the kinematical contact condition and the numerical algorithms can be found
in the series work of Litewka and Wriggers (2002a), Litewka and Wriggers (2002b), Wriggers and
Zavarise (1997), and Zavarise and Wriggers (2000), where they analyzed the frictional/frictionless
contact between circular /rectangular cross-section beams.

When a beam-to-beam contact problem is implemented numerically, the applied numerical
method may require particular treatment of the contact between discretized objects, for example,
for finite element methods (FEM), the variation of the contact condition is required by the weak
formulation. However, most of the numerical models and algorithms of contact have been proposed
in a general sense, aiming to improve the detection of the contact point and the computation of
the system reaction. A literature survey has been given in the review paper of Repupilli (2012),
and several different conditions for beam-to-beam contact in 2D and 3D discretized systems were
described. The most popular strategy dealing with slender 1D structures models the contact
interaction as a discrete contact force acting on the closest point of the subject, thus it is called
the point-to-point contact formulation. It is relatively straightforward to implement and has good
computational efficiency. However, the existence of the closest point is not always guaranteed,
especially when the contact angle is small. To manage this kind of situation, Durville (2005)
introduced the notion zones of approximation, which are regions where contact may occur, defined
by distance criteria. This is a kind of the point-to-segment formulations, which are more robust
when several contact points exist simultaneously, for example in the case of entangled fibers.

The smoothness of the contact modelling is also a required feature for the development of the
algorithm. Litewka (2007) adopted a mesh-smoothing technique for FEM, which adds continuous
features to the contact algorithm. Crespel et al. (2024) provides a high-order detection scheme
between two smooth curves which gives smoother force responses of the system in motion. Based
on the point-to-segment formulation, Meier, Popp, and Wall (2016) proposed the line-to-line for-
mulation, in which the contact force law is smooth, and the beam element is Cl-continuous. In
this case, the contact forces are distributed along the beam, which gives the name of the approach
and is a robust model in the entire range of possible contact angles. In a later study Meier, Wall,
and Popp (2017) proposed a novel formulation taking advantage of the long-existing point-to-point
contact model and the line-to-line contact models.

Within the scope of this thesis, only the contact between two 1D objects in 2D space is considered.
Although it is a simpler case compared to the literature mentioned previously, many notions and
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ideas are adapted from them to improve the efficiency and robustness of our algorithm. Because
our implementation uses an optimizer, we do not need to develop the variations of the contact
condition as in finite element methods, and our focus lies on the contact kinematics, which are
written as inequality constraints in the optimizer.

In the following, we present our contact detection and implementation for the 2D problems.

3.2.1 Implementation of the contact condition on beam segments

To solve contact problems by adding the non-penetration condition into the optimizer as inequality
constraints, we have two principal ingredients: the detection of points which may come into contact,
and the criteria preventing the penetration.

P =(Xn+1,yn+l) A/Z(XA/,yry/) :'
Q: (x @Y q) ~ ERRTTTTI—. Creeeeas B.= (XBz,ysz)

'.

‘.

Pn:(x”,yn) A.’:(x;z,y,u) .'. Bl=(x“’y“)
(a) Detection, or monitoring (b) Criteria of segment contact

Figure 3.2: Detection and non-penetration condition for the beam segments

The detection of possible contact points can be seen as the contact monitoring. To achieve
this, we adapt the idea of zones of approximation. To explain in general terms, we iterate through
nodes and segments in question and estimate the distance between each pair. If the distance is
smaller than a given value, the node-segment pair is monitored in the following steps. In figure
3.2a, we illustrate the estimation of distance between the point () and a segment P, P, 1, which
is the distance between () and the middle point of the segment. During the process of finding
approaching pairs, we also define the position marker k as

k = Sign [n - P,Q] = Sign K_(y”“ B y”)> . ("’3‘1 a "’”")1 : (3.9)

Tpn41 — Tn Yq — Yn

where n is perpendicular to the segment. When k& = 1, the point () is on one side of vector P, P11
that is pointed by n, and the other side if K = —1. For example, in figure 3.2a, k = 1.

To explain the inequality constraints of the contact, we first consider two segments A and B,
shown in figure 3.2b.

Suppose the observer is placed on the segment B and we require the segment A to stay on
one side of B, and not pass to the other side. Using the notion of ‘master-slave’ approach, the
segment B is the master body, the segment A is the slave body, and we apply the non-penetration
condition to a set of points on the slave body, for example the two ends of the segment A. Then,
the non-penetration condition is

0 (3.10a)
0 (3.10b)
where kK = 1 or —1 is the position marker that we introduced earlier. These conditions mean that
the two ends of A stay on the same side as they were originally, not passing to the other side of

B. Please remark that for each segment, several nodes may be monitored at the same time, and
the same is true for each node.
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The rest of this chapter show two examples in which we use the numerical contact conditions.

3.3 Example : Self-contact Elastica

Self-contact of slender structures such as flexible rods and filaments occurs in a family of problems,
and different contact scenarios may occur, examples include knots (Gonzalez and Maddocks, 1999;
Johanns et al., 2021) or coiling of biological filaments like DNA (Coleman and Swigon, 2004).
Compared to these complex self-contact 3D systems, one simple and classical problem is the self-
contact of the planar Elastica, which is discussed in (Flaherty and Keller, 1973), and for which
a system of differential equations has been derived. We use this example to test our numerical
method for treating beam-to-beam contact.

In figure 3.3, we illustrate the geometry of the system. This is the classical planar Elastica
problem that has been discussed in section 1.5, but here we add a self-contact feature, preventing
the self-intersection that happens when the end displacement A is large.

A T is=L/2
y

Sm

v

Figure 3.3: Illustration of the self-contact of a planar Elastica

In the first place, we derive the differential equations of the system such that the problem can
be solved semi-analytically. The results will then be compared with the numerical implementation
of the beam-to-beam contact formulation.

3.3.1 Analytical result

An Elastica with bending stiffness E'I and length L is clamped at the two ends, which are pushed
inwards with displacement control. We suppose the Elastica is already in self-contact, and thanks
to the symmetry, we only consider half of the system. We use s,, to mark the contact position,
and the Elastica is separated into two parts: s € [0,s,] and s € [sy, L/2]. With controlled
displacement, we have the boundary conditions :

0O =0(L/2) =0,  a(0)=y(0)=0, Olsn) =5,  #(L/2)=alsm) = 5(1 ~A) (3.11)

The curvature k(s), the angle 6(s), and the horizontal and vertical positions z(s) and y(s) are
all functions of the curvilinear coordinate s. They are related by:

0'(s) = k(s) 2'(s) = cosf(s) y'(s) = sind(s) (3.12)
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Only bending energy is taken into account for the system, so the total energy is

sm BT L2 EI
8 = 7 H2(s) dS —+ / 7 /QQ(S) dS (313)
s=0 s

=Sm

We would like to minimize this energy under the geometrical constraints using the variational
method on the Lagrangian which is constructed by the objective and the constraints with Lagrange
multipliers. Computing the variation of Lagrangian and cancelling the terms before the variations

of variables, z, 6, and s,,, we obtain the final system of differential equations with differential
equations:

7'(s) = cos6(s) s€ 0,8, ifi=1 (3.14a)
y'(s) = sind(s) S € [sm, L/2] if i =2 (3.14b)
EI0"(s) = ng;sin6(s) (3.14c)

competed with geometry constraints (3.12) and boundary conditions (3.11).
Remark that n,; and nzo can be different, indicating the existence of a force jump at the
contact point s,,. Physically, this force is given by the counterpart due to contact. We note it as

F = [ng](sm) = ng2 — ng1 (3.15)

We solve this system using the shooting method introduced in section 1.5.2.

3.3.2 Implementation of the contact method with optimizer

The beam-to-beam contact formulation can also be applied to this system. We reformulate the
problem as an optimization problem in order to minimize the elastic energy in the presence of
boundary conditions and inequality constraints for the non-penetration condition.

A P A
Y1 Yy
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{ \
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Figure 3.4: Detection of possible self-contact positions

Firstly, we adimensionalize the system (EI = 1 and L = 1) and we discretize the beam into N
segments, each segment is associated with k; and each node with (6;, z;,y;), as in the super-helices
discretization scheme presented in section 2.2.2. The basic optimization formulation is the same
as the planar Elastica problem, but we then add the inequality constraints for the non-penetration
conditions.

Figure 3.4 is an illustration of the implementation of our beam-to-beam contact condition on
the problem of the self-contacting Elastica. The simulation uses the continuation method with
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regard to the displacement A. We initiate the system before the occurrence of self-contact, for
example the left side of figure 3.4 is a possible initial condition. At this stage, we iterate through
segments on the left part of the beam, and for each segment we estimate the distance between the
segment and each node on the right part, as mentioned in the previous part. If the distance is
smaller than the given criterion, we calculate the position marker with (3.9), and save it with the
node-segment pair. For the next step of the continuation, we add the non-penetration condition
(3.10) as an inequality constraint, in addition to the basic constraints for the mixed formulation
and the boundary conditions. After the solver converges, we refresh the monitored pairs according
to the current geometry and consequently change the non-penetration inequality constraints.

3.3.3 Results and discussions

Comparison : differential equation vs. optimizer Form of the system : A = 0.92
Ny Energy
O 0.4
T 70 A
—250 - TN /
N 60 - /
-500 Ny A
min E \ 0.3 1
~750 ODE N 201
0.850 0.875 0.900 0.925 0.850 0.875 0.900 0.925 .
A A '
Force jumpon sy, : F contact point s,
_ £101254 e ]
750 //. 0.1
. / 0.100 A o © minE
500 // —— | ODE
250 - ~ 0.075 == —— 11 ODE
‘_»,“w»“‘ N 0.04 — sym. ODE
0t : : 0.050 1+— : : : = ~0.10-0.05 0.00 0.05 0.10 0.15 0.20
0.850 0.875 0.900 0.925 0.850 0.875 0.900 0.925 x
A A .
(b) Comparison of the forms
(a) Comparison of variable values as a functions of A of the Elastica

Figure 3.5: Comparison of the results found by the two methods

In figure 3.5, we show the results found by the semi-analytical approach (shooting), and compare
them to the results of the optimization formulation on the discretized system, with our beam-to-
beam contact conditions. In figure 3.5a we compare the values of compression force n.i, total
energy of the system, the force jump, and the contact point position s,,, as functions of A. All the
results found by the two methods are coherent. However, the results obtained by the discretized
system are slightly staggered, especially the s,,(A) curve which has steps. This is due to the
non-smoothness related to the discretized system. In fact, the contact position is detected by the
closest pair of node-segment, which is not continuous by nature. We chose our method rather for
simplicity and efficiency, however more acurate results could be obtained using more sophisticated
algorithms from the literature (see section 3.2) In figure 3.5b, the forms of the system found by
the 2 methods for a given A value are superimposed upon each other. This comparison also shows
good consistency between the 2 methods.

With this relatively simple problem of a beam-to-beam contact problem in 2D, we proved the
validity of our implementation of contact conditions as inequality constraints.
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3.4 Example: a flexible fiber growing in a deformable ring

In the previous example, there is only one contact point and the monitored contact zone is rather
small. Here we give another example in which a large contact zone may appear. A flexible fiber
with length [ and bending stiffness k_ is inserted into an elastic ring with radius R and bending
stiffness k., see figure 3.6. This problem has been studied by Cutolo et al., 2023 using analytical,
experimental, and numerical (FEM) approaches. We would like to use it to test our method of
beam-to-beam contact in the case of a broader range of contact length between two beams in 2D.

ke

4 —— ring

-

Figure 3.6: Geometry setup: a flexible fiber in a deformable ring

After non-dimensionalization by the radius of the ring R and the bending stiffness of the fiber
k_, there are two parameters to define the system: A = k; /k_ and p = /R, which are the ratio
between the bending stiffness of the ring and the fiber, and ratio between the length of the fiber
and the radius of the ring.

3.4.1 Numerical implementation

We discretize the system, and use the optimizer to minimize the total energy of the system with
all constraints. More precisely, the ring is discretized into n segments. The middle point of fiber is
fixed on the y-axis, and the fiber is discretized into m segments at each side, that are 2m segments
in total. We have chosen n = 60 and m = 60 in this study. The super-helices discretization scheme
is again used, and the geometric variables are the curvature .y, the deflection 6.y, the positions
(7(), (), where () = f (fiber) or r (ring). The optimization problem to solve is

noA 2m 4
min  Eor =& + & = 2 5"%5& + 2 imfciasf, (3.16a)
i= i=
with ds, = 27 /n and dsy = 1/ (2m), (3.16b)
subject to geometric conditions of the mixed formulation, (3.16¢)
Trg = Yrg = Trp, = Yp, =0, O, =0, 6, =2, (3.16d)
xf, =0, 6f, =0, (3.16e)
inequality constraints for the contact (3.16f)

Please note that to ensure a good convergence of the solver, we add auxiliary constraints to
block some degrees of freedom which may lead to degenerate states. These are the mirror images
or symmetric counterparts. Example of the auxiliary constraints include 6y, ., >0, y,, > 0.

As in the self-contact Elastica problem, we monitor the approaching node-segment pairs at
each step, and refresh the inequality constraints if there is any change in the registered pairs. But
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in this problem, there are two subjects, the ring and the beam, and we need to treat the fiber-
ring contact and the self-contact of the fiber at the same time. To do so, we add the monitoring
algorithm into the continuation procedure, which goes as

Continuation algorithm with contact monitoring:
Initial: staring at one state Xy with less contact zones, detecting the possible node-segment
contact pairs (N, S)p.
for each given p; (p increases gradually):
Initiate optimizer with X;_1, the solution of the previous step
Solve with the inequality constraints related to (N, S);_1, find X;
Detect the possible contact pairs (N, S); with the new solution
Repeat until (N, S);_; and (N, S); are the same, or the iteration number reaches max:
(N,S);—1 + (N,S);, and reset the contact constraints
Solve again with initialization X; to find X,y
X; + Xpew, and reset (N, S); with the new solution

3.4.2 Results and discussions

Being a validation test for our beam-to-beam contact treatment, we did not carry out a deep
investigation as the original study of Cutolo et al., 2023. In this part, we only show some forms
found by our implementation with different values of parameter A and u, see figure 3.7. These
solutions meet the non-penetration condition and are comparable with the results found in the
original study, thus proving our method’s ability to treat complex contact conditions, including
point contact and zone contact.

A
LOT /77N N a \ /\ AN
- I / A\ /-\ / /\ 7~ \

Figure 3.7: The results found by our algorithm. From left to right, the length of the
fiber becomes larger, and from top to bottom, the ring becomes softer.
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Related concepts

4.1 Phase transition

When phase change is mentioned, one often thinks about the changes among the states of matters,
for example the melting or vaporization. However, phase transition can also occur to some solids,
for example the shape-memory alloys. Depending on the microstructure, the same chemical com-
ponents can exhibit different mechanical properties, and during phase change, the microstructures
transform from one to another.

From a macroscopic point of view, the phase transition is related to a non-convex energy
potential. In the 19th century, Clerk-Maxwell (1875) proposed an explanation of two phases co-
existence in real gas model by considering the stability of the system. His method is now known
as the equal-area construction, also called the Mazwell construction. The theory is not limited to
thermodynamics and applies to the broader case of systems exhibiting phase transition, including
materials that have non-monotone strain-stress curve corresponding to non-convex elastic potential.
Ericksen (1975), one of the pioneers of these studies, showed that a bar with non-monotone strain-
stress can have several configurations during deformation, including the phase transition behavior.
In section 1.6 of (Bigoni, 2012), examples of elasto-plastic non-linear spring systems are given.
While one such spring already exhibits phase transition behavior, the chain composed by three
springs has more intricate bifurcation curves and stability properties.

To simply describe the phenomenon, during phase transition, there are two phases of different
strain, but the stress is identical in the two phases. As the deformation grows larger, the strain
and stress of each phase stay the same, but the proportion of each phase changes to meet the
prescribed displacement.

In this section, we explain the phase transition with a simple example of a two-phases beam,
inspired by the work of Marko (2007) which treats the coexistence of different deformation states
of the DNA molecule.

4.1.1 System description

Suppose a beam deforms under displacement control, figure 4.1a. We assume that two possible
phases with different elastic potentials can be adopted by the beam, with:

1
Phase 1 (elastic energy per unit length): wi(e1) = §E15% (4.1a)
1
Phase 2 (elastic energy per unit length): wa(e2) =0 + §E2€§ (4.1b)

where E; (i = 1 or 2) is the modulus of elasticity in tension or compression, ¢; (i = 1 or 2) is the
axial strain and ¢ is an energy per unit length associated with the phase transition. In phase 2 the
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Figure 4.1: Phase transition: a two-phase beam.

material becomes more flexible, that is F» < F;. As physical systems tend to adopt states with
minimal energy, the potential energy of the system can also be considered as a piecewise function

w(e) = { 528 gf;f = (4.2)

where e, = \/2/(FE, — E2) is the point where the two energy potential curves intersect. Note that
this is a non-convex function, which allows the application of Maxwell’s construction.

To better illustrate the behaviors of the system, numerical values are applied to parameters
related to material properties:

Ey=2; FE;=0.2; §=0.5,

and the energy-strain relations are presented in figure 4.1b.

4.1.2 Analysis from energy minimization

We suppose the original length of the beam is 1, and the beam extends to 14 ¢ under displacement
control. We use « to indicate the fraction of the two phases, where « is the proportion of phase 1,
and (1 — «) is that of phase 2. The total energy of the system is the elastic energy of the beam,
which is: 1 1

Eot(a,e1,62) = aiElsf +(1—a)d+ iEgsg). (4.3)

The displacement control is considered as an equality constraint ae; + (1 — a)ea = £40. Because
a should be between 0 and 1, we also add the two inequality constraints o > 0 and 1 — a > 0.
Using the optimization theory, we introduce the Lagrangian with unknown variables «, €1, €3:

L(aye1,e2) = Eor(a,e1,82) — oe(aer + (1 — a)ea — €10t) — gae — h(1 — @), (4.4)

where 0., g and h are Lagrange multipliers.
Applying KKT condition to the problem, we have:

gé = Oé(Elé-Zl — O‘e) = 0, (4.5&)

oL

oz, = (L= )(Bee —00) =0, (4.5b)

oL 1 1

e = (§E15%—§E25%—5) —0oe(e1 —e2) —g+h =0, (4.5¢)
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Etot = a1 + (1 — a)ey, (4.5d)
0 =ga, g >0, a >0, (4.5e)
0=h(1-a) h>0, 1—a>0. (4.5f)

Solving this system consists of considering three cases: a =1, a=0,and 0 < a < 1.

Mono-phase cases When a = 1 or 0, the beam only has one phase, and we call them mono-
phase cases.

For ao = 0, the beam is entirely in phase 2, and the relations (4.5a) and (4.5¢) are automatically
satisfied. Other equations give:

€2 = Etot; OTe = Eogior; h =0; (4.6a)
1 1
g = §E16% — Egé‘mt&'l + §E2€%ot -0 Z 0. (4.6]3)
Note that €1 can have any value between 0 and e.. For some imposed displacement e, (4.6b)
may be violated by an admissible £1. This fact leads to the range of €;,; that has a stable solution

of mono-phase-2 state.
We define the function

1 1
gle1) = §E1E% — Eaetorer + §E28?ot — 0.

and we study its sign. When the discriminant is negative, g > 0 is always satisfied, that is when

2F16 V2E.6
2 2 1 _ e
(Eaetor)” — En (E25t0t - 25) <0, = &= B —F) B > Ee,

with B, = g2

V2FEed

When the discriminant is positive, i.e. et < 5,

, the equation g(e1) = 0 has 2 real solutions

| Baeior & (/2810 — (By — Fa) el
_ 5 .

et

Consequently, to ensure g(e1) > 0 for all &1 € [0,¢.], we would need e/ < 0 or e] > &.. Both

conditions are impossible, as ef is evidently positive, and €] < %sc < €.

To conclude, the mono-phase-2 state can be established when &4, > 7%‘%6.

When o = 1, the beam is totally in phase 1, and the relation (4.5b) and (4.5f) are automatically
satisfied. Other equations give:

€1 =¢Etot; Oc = Ergtor; g =0; (4.7a)
1 1
h = 5Els?ot + §E2€§ + 6 — Eieto12 > 0. (4.7b)

With the same argument as earlier, €5 can have any value larger than e, so (4.7b) may be violated
depending on the value of g4,¢. The analysis on the quadratic function h(ez) leads to the conclusion
that a stable mono-phase-1 state can be established when ey < \/2E.0/E1.
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Two phases coexist When 1 > o > 0, phase 1 and phase 2 coexist in the beam. Equations
(4.5a), (4.5b), (4.5¢) and (4.5f) give:

g1 =0c./FE1; ey=0¢/Fy; g=0; h=0. (4.8)

Injecting these expressions into equation (4.5¢) and we have:

1 1 o2 26
<—>_ = Oe = 71/]52_1/}31—\/@ (4.9)

with B, = 7422

The Lagrange multiplier o, is identified to be the uniform stress in the beam. FE. is called
the equivalent modulus of elasticity, which is a constant, depending only on material properties.
When phases 1 and 2 coexist, . and the strains €1, €5 stay the same during phase transition.

Using expression (4.5d), we obtain the fraction indicator a:

€2 — Etot E. Ee
_ _E _ E 4.10
(6% ey — €1 E2 Etot 0. ( )

Setting a — 0 and a — 1, we obtain the limits between mono-phase and two-phase cases

V20E, V20E,
B EB = Etot|a—0 = €2|1>a>0 = B (4.11)

€A = Etotla—1 = €1[1>a>0 =

We recover the same limits as before. When 4, is smaller than € 4, only phase 1 exists. In contrast,
only phase 2 exists when &, is larger than ep.

Using these results, the elastic energy as a function of imposed displacement in case 1 > o > 0
can be expressed as the following:

1 2 FE
w1(€1) = §E1€% = 2051 = Fjé (4.12&)
1 E
wa(e9) = & + §E25§ = (E: +1)6 (4.12D)
Es

Erot(,€1,62) = OcEtot — § (4.12c)

E1 — By

with the constant o, given by equation (4.9)

Equation (4.12c¢) is a linear expression of €4, so when phase 1 and 2 coexist, the energy varies
linearly with the imposed displacement e, not quadratically as in the mono-phase cases.
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4.1.3 Solution and interpretations

Assembling the results of the different cases, the fraction «, the elastic energy &, and the internal
elastic stress can be expressed as a piecewise functions of g.y:

1 (ea > et > 0)

E, E
a(etor) = f; — Etot| | 2758 (eB > €tot > €4) (4.13a)

0 (etot > €B)
1
§E16fot (64 > €10t > 0)

E
5tot(5tot) =0 V20EcEi0t — 5ﬁ2E2 (€B > Etot = EA) (4-13b)

1
3 el +0  (gtot > €B)
Eieior (€4 > €0t > 0)

o(tot) = V20E. (6B > ot > €4) (4.13c)
Eseior  (etot > €B)

The analytical results are compared with numerical results found by the numerical optimizer
scipy.optimize.minimize, in Python using the SLSQP (Sequential Least Squares Programming)
optimization method. Figure 4.2 compares the theoretical and analytical results for the elastic
energy and the stress. There is a good consistency between theory and numerical values.

1.4 1 1.4 1 m— Phase 1
19 194 1 Phase 2
: = Theory
1.0 4 1.0 1 ®  Numerical
_ 0.8 0.8 3, :
< 0.6 1 " 061 I
’ ' | /
0.4 wile) 0.4 1 1
wa(e) : St
0.2 = Theory 0.2
0.0 ®  Numerical 0.0 1
0 e4 1 2 ) 3 0 e4 1 2 ) 3
Etot Etot
(a) Energy as a function of the imposed (b) Stress o. as a function of the imposed
displacement. displacement.

Figure 4.2: Analytical and numerical results of the phase transition problem

Our analysis shows that the non-convex potential energy (4.2) gives rise to a phase transition,
during which the stress o, remains constant and is uniform along the beam. This is reflected by the
horizontal line in figure 4.2b, known as the Mazwell line, separating the non-monotonous stress-
strain curve into zones Sy and S;; which have the same area. In the work of Ericksen (1975), the
establishment of the phase transition and the stability of the system are derived using functional
analysis, and the equal-area construction is also well explained. We refer the interested readers to
the original work.

The real energy evaluation (4.13b) is the convex envelop of the non-convex energy potential
(4.2), and the tangent dw; /de at 4 is equal to tangent dws/de at ep. As Epr(etot) is strictly below
the energy potential w(e), one can say that part of energy is lost during the phase transition, this
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is also shown by the equation (4.12c) that a portion of energy § % is taken from the elastic
EeNnergy Oetot-

4.2 Configurational force

The standard forces, also known as Newtonian forces, are associated with the changes of a body’s
position and/or shape, while the body is smooth and continuous. The configurational forces, also
generally known as the material forces or energetic driving forces in modern continuum mechanics,
are those forces that are associated by duality with the displacement or motion of whatever may
be considered a defect in a continuum field theory, examples including mathematically vanishing
support, a dislocation line, a mathematical surface of discontinuity (e.g., a phase-transition front, a
shock wave), a material inclusion, a hole, a field singularity such as a crack tip, a strongly localized
mathematical field solution (e.g., structured shock waves), and so on (Maugin, 2010). Indeed, in
the pioneering work of Eshelby (1951), problems related to the material inhomogeneities and field
singularities are investigated based on variational arguments. J. D. Eshelby, who is considered the
founder of the field, carried out a series of works thereafter (Eshelby, 1956, 1975, 1999). Based
on his ideas, researchers developed a comprehensive theoretical framework for the mechanics of
configurational forces, which they call Eshelbian mechanics.

While the leading studies use the standard variational approaches, and the configurational
forces appear as additional terms to describe phenomena associated with the material itself, Gurtin
(2000) proposed to consider configurational forces as basic objects. Effectively, Gurtin, 2000;
Maugin, 2010; Podio-Guidugli, 2002 all argue that these forces are observable, and perform work
when the defect of the continuum field evolves. Moreover, they are needed to give a complete
picture of the body’s response during the deformation. In fact, the classical notion of forces is
related to whatever apparently moves or progresses in the matter in an observable manner, and
the mechanics of configurational forces is a true mechanics of forces in the general manner of
Newton, as these forces contribute to the dynamics in a local ‘conservation’ of momentum. They
also combine, add, or subtract with one another, and they exhibit moments.

4.2.1 Rigid sliding sleeve

Here, we use an example inspired by the work of Bosi et al. (2015), to show how configurational
forces appear using the variational method. In the original work, the authors also compared the
theoretical analysis with experimental data, which validate the theoretical prediction and illustrate
the observable nature of configurational forces.

The system is shown in figure 4.3. An inextensible beam of length L is clamped at one end,
and the other end is pushed through a frictionless sliding sleeve with a horizontal compressive force
P. The distance D between the left clamp and the exit of the sliding sleeve remains constant, and
the contour length of the beam between the origin and the exit is £. The inserted part corresponds
well to a system with increasing material, and we expect that an additional force appears due to
the varying length L — ¢ of the inserted beam.

Now we apply the method of energy minimization, and the total energy of the system is

l l
£— / %O’st + Pa(L) = / %9%5 Y P +L-0) (4.14)
0 0
with geometric constraints & boundary conditions
0'(s) = k(s) 7'(s) = cosf(s) y'(s) = sin0(s) (4.15a)
0(0) = 0 2(0) = 0 y(0) =0 (4.15b)
0(¢) =0 x(l) =D y(£) =0 (4.15¢)
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s=L x

Figure 4.3: Setup of the rigid sliding sleeve problem. An elastic rod is inserted into
a rigid frictionless channel.

To account for the constraints, we construct the Lagrangian
L BT 9 0
L= / 70’ ds + / [na(s) (2" — cos0) + ny(s) (v —sind)] ds + P (z(¢) + L — ¢). (4.16)
0 0

Compared to the classical Elastica problem, here the boundary £ is also a variable. As a conse-
quence, the admissible variations at the boundary s = £ are

) +00'(0) =0 () +L2W)=2() +L=0 yO)+Ly () =y()=0 (4.17)

and the variation at ¢ for each integrand should also be considered in the variation of £, which is

_ ¢ _ _ _
E:/ —EIH”G—i—{—nz’i*—i—nz sinf6 —ny, y—ny COSQ@} ds
0 (4.18)

+ EI0'(0)0(¢) + E%e’z(ﬁ) + g (0) Z(€) + ny (0) y(€) + P (z2(€) + L2 (£) — ).

Using (4.17) to replace the terms 6(£), z(¢) and (£), £ becomes

¢ _ _ = E1 N
L= / [—EIG”G —ng' T+ ng sinf0 —n,y—n, COS@@] ds — (29/2(6) +ng(0) + P> 0. (4.19)
0

At the energy minimum, this variation must be zero, which means the factor before each admissible
(independent) variation should vanish.

Cancelling the variation of  (Z) and y () in the bulk signifies n,(s) and ny(s) are constants.
Cancelling the variation of # (#) in the bulk leads to

EI16" = n, sinf — n,, cosf (4.20)

which is the classical equation of Elastica. The factor before ¢ gives
EI
nalt) =m == |50 + P|. (4:21)

Compared to the classical Elastica problem shown in 1.5, there is an additional term %9’2(6),
which is called a configurational force.

In appendix D, we show another example of a sliding sleeve, where part of a fiber is inserted
into a flexible tube, and the whole structure deforms under external momentum applied to the
ends. In this example, jumps of forces and momenta can also be observed due to the varying
boundaries.
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Following the study of the planar Elastica in section 1.5, this part addresses the post-buckling
behavior of an elastic beam confined within rigid boundaries.

The deformation of slender elastic rods under lateral constraints has attracted attention since
the mid-19th century. Early studies were motivated by challenges in the drilling industry (Lubinski
and Althouse, 1962; Miller et al., 2015), but the topic has since broadened to diverse applications,
including endoscope—artery interactions in vascular surgery, fiber insertion in the textile industry
(Hearle, 2014), DNA coiling in viral capsids (Vetter, Wittel, and Herrmann, 2014), and even geo-
logical folding processes (Price and Cosgrove, 1990). This wide range of phenomena has motivated
investigations into the deformation processes, force responses, and stability of confined slender
structures.

In this thesis, we focus on the packing of a planar, inextensible elastic beam of negligible
thickness (the FElastica) inside a rectangular cavity. To our knowledge, the first study of this
specific problem was carried out by Chateau and Nguyen (1991). Subsequent works explored
related configurations: for example, pinned—pinned boundary conditions (Domokos, Holmes, and
Royce, 1997), finite-thickness layers (Chai, 1998, 2005), interaction between several layers (Chai
and Moshkovitz, 2022), and confined Elastica with variable length (Liakou and Detournay, 2018).
Compared to classical buckling of beams, confinement introduces inequality constraints arising
from contact conditions (see chapter 3), which lead to non-classical features in the bifurcation
diagram (Schulz and Pellegrino, 2000).

Different strategies have been employed to address these constraints. Some studies approximate
the walls as soft supports, for example Winkler-type elastic foundations (Chen and Wen, 2019;
Hetényi and Hetbenyi, 1946; Judah and Givli, 2024; Katz and Givli, 2015). Others introduce
barrier potentials to mimic hard-wall interactions (Manning and Bulman, 2005). Alternatively, the
problem can be reformulated as a constrained optimization and solved with interior-point methods
(see section 1.3.2). Analytical approaches based on small-deformation, weakly non-linear, or exact
Elastica solutions have also been developed (Chai, 1998; Domokos, Holmes, and Royce, 1997;
Roman and Pocheau, 1999).

Building on this background, our study focuses on two-dimensional numerical and theoretical
analyses of a clamped—clamped Elastica confined within a rigid tunnel. Depending on the position
of the clamped extremities, we define two configurations:

o Wall-attached configuration (Chapter 5): both ends are clamped to the lower wall.

o Centered configuration (Chapter 6): both ends are clamped along the midline between
the walls, creating a symmetric confinement.

The emphases and methods differ between the two cases. For the wall-attached configuration,
we analyze the deformation process and develop theoretical models based on the Elastica equation.
For the centered configuration, we place greater emphasis on bifurcation and stability analyses. In
both cases, force responses and energy variations serve as important references of the deformation
process. Finally, in Chapter 7, we compare the two configurations, highlighting their similarities
and differences, and draw general conclusions on the behavior of clamped Elastica confined in rigid
tunnels.
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Chapter 5

Wall-attached configuration

In this part, we consider an inextensible slender beam (Elastica) of length L and bending stiffness
FE1 confined between two rigid walls separated by a distance H, see in figure 5.1.

As shown in the Planar Elastica example, we adimensionalize the system with length unit L
and force unit E1/L? (section 1.5.1). Please recall that the dimensionless system can be considered
as a system with L = 1 and ET = 1. In the following, all parameters are dimensionless.

Figure 5.1: System configuration of the confined beam problem. The

Both ends of the beam are clamped and attached directly to the lower wall. It deforms under
displacement control, and we call P the horizontal force response of the support. As the end dis-
placement A increases, the beam gradually deforms into a wavy configuration due to the geometric
constraints imposed by the walls, and we note F' the global vertical force response of the wall. The
number N of visible arches or undulations along the beam increases with the end displacement.
More precisely, we define this number in the following way: the fold number N is half the number
of free branches that touch both the upper wall and the lower wall. This metric serves as a key
indicator of the post-buckling behavior, and is related to the forces P and F. An illustration of
the definition can be found in figure 5.5.

The present investigations of the problem put emphasis on the beam shape and on the force
response. We use different methods, including energy minimization of the discretized system and
theoretical analysis, to draw insights on the behaviors of the system. Our theoretical results predict
the response of the system under a given displacement A. Solving equilibrium with the energy
minimization method can be considered as numerical experiments, and the minimization results
on the discretized system will be used to be compared to the theoretical prediction.
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5.1 The whole system simulation: a first glance

Although we can apply the variational method on the Lagrangian to obtain a system of differential
equations, actually solving the system is intricate due to the presence of the walls. The system
involves inequality constraints and inequality equations, which are difficult to handle. For this
reason, we apply the energy minimization method to the discretized system and solve it with the
help of CasADi and IPOPT, both presented in chapter 2. This allows us to run simulations as
‘numerical experiments’, and gives us a first glance at the behavior of the system.

Figure 5.2: Discretized system used in the optimization procedure.

Figure 5.2 shows the definition of the discretized system, and we apply the Super-Helices
discretization with mixed formulation that has been introduced in section 2.2.2. It is relatively
simple and easy to implement, but still very efficient and yields good accuracy.

Thus, the problem, which is eventually sent to CasADi and TPOPT, is

1 2
i —K:0 5.1
i 3 gnids (5.10)

subject to Constraints of mixed formulation,

90 = 0; Trog — 0; Yo = 0 (5.1]3)
9]\[:0; $N:1—A; yN:(). (5.1C)
yp>0and H—y; >0, Vi=1,2,..,.N—1. (5.1d)

Please remark that the only difference from the Planar Elastica example shown earlier is the wall
constraints (5.1d), which means that regardless of the complexities given by the wall constraints to
theoretical analysis, the implementation is extremely simple in the optimizer, showing the interest
of using the discretized optimization method.

The Lagrange multipliers Thanks to the features of the solver IPOPT and its interface in
CasADi, we can obtain the values of Lagrange multipliers in addition to the values of the unknown
variables. The Lagrange multipliers reflect the responses of the system to the imposed constraints,
among which we are most interested in the force responses. Indeed, the Lagrange multiplier
associated with the boundary constraint xy = 1 — A is the horizontal compression force P, and
the Lagrange multipliers of the wall constraints are the reaction forces from the walls, which can
be proved analytically using the variational method. In figure 5.3, we show one solution given by
the solver.

Solving by continuation method Because the solution is highly nonlinear when the end
displacement A is large, we apply a continuation method with control parameter A. Details about
the continuation method can be found in section 1.4.3. The algorithm is initialized with a small
A, such that the linear solution (see for example Neukirch et al. (2021)) is good enough for the
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Simulation solution: H=0.1, A=0.04

Form of the system Deflection 6
0.2 1 0.5 A
0.1
/ \ 0.0 1
0.0 1
-0.1 =0.51
Lagrange multipliers of walls ny(x) Curvature k=6’
5 -
—— U I
50 4 pper wa 0-
Lower wall
0 1 " 1 -5
0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8
X X

Figure 5.3: A numerical solution of system (5.1), with 180 discretization points.

solver to converge. Then we increase A with a given step length, find the solution at this new
A using the solution of the previous step as warm-start. In this way, we gradually increase A to
reach the target value.

If the step length is too large, the geometry of the beam may change substantially, as if we were
pushing the beam abruptly in a real experiment. In fact, multiple stable solutions may coexist for a
given load A, if the initialization is far from all possible solutions, we cannot predict which solution
will actually be found, and the final solution can be very different from the initialization. The
same kind of jump between solutions may happen if the parameter mu_init of IPOPT solver (see
section 1.3.2 and appendix A) is too large. As this parameter modifies the initial problem to deal
with the constraints, a larger value means more significant modifications, and more perturbations
during the solving process. Examples are given in figure 5.4 where we show two solutions found
with the exact same parameters except the mu_init of IPOPT. The orange curve is found with a
smaller parameter mu_init, and one can observe that the curves of forces P and F' tend to stick
longer to the historical evolution direction before jumping to a state with lower energy, which
confirms the above explanation.

In general, hysteresis can be observed, which means the solution depends on the loading history.

Due to the properties of IPOPT optimizer, the solutions of the inequality optimization model
are energy minima, which are stable solutions, and we cannot find all the equilibria. However,
these solutions of the global system are good references for other theoretical models, not only for
the geometry and force responses but also for the stability.
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Figure 5.4: Comparison between two processes of solving for the increasing A exper-
iment. Both solutions are solved using 180 nodes. The blue configuration is obtained

with mu_init=0.1, while the orange configuration is obtained with mu_init=10"".
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5.2 Deformation process and configurations

Results of the optimization model and observation from real experiments show that several config-
urations can be observed during the insertion of the Elastica. We distinguish them by the names
point-contact state (PtC), extended-contact state (ExtC) and hanging-fold state (HgF), see figure
5.5.

N=1, Hanging-fold State (HgF) N=2, Hanging-fold State (HgF)

Figure 5.5: Wall-attached confined Elastica: Illustration of different configurations
with different fold numbers N

Bifurcation diagram (H =0.01)

Horizontal force P/N? Vertical force F/N3
1000 * 100 = -
H — PtC
800 L R ExtC 80 1= :'
B —-= HgF : ,
600 - , 60 - : —
1 =1 | V=2 | | N=3
4001 ¢$Cl1 . 401 =27 K2
RS A2 A
200 - N - 20 - (
Bl [;w L D2 k= 1
—[Al / A m~. / ]

0 0000 O. 0005 0. 0010 0. 0015 0. 0020 0.0025 0 0000 0.0005 oO. 0010 0. 0015 0. 0020 0.0025
A A

Figure 5.6: Illustration of the bifurcation diagram (H = 0.01). Different types of
configuration for the rigidly confined Elastica are marked by the different types of
lines. The bifurcation points are marked on the left side. The fold numbers N and
the number of the flat region(s) k¥ are marked on the right side.

Recall that the fold number N is defined as half of the number of free branches that touch both
the upper and the lower wall. When the end displacement A increases, [N increases monotonously
and different configurations appear in an almost periodic manner until the Elastica reaches the
spiral state. The transition to spiral shape and beyond are not the main subject in this chapter.
A recent study of Deboeuf, Protiere, and Katzav (2024) investigated the transition in detail, and
appendix E includes a brief presentation of our findings about the spiral state.
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To explain the deformation process, we begin with the PtC state, in which the Elastica contacts
the upper wall only at isolated point(s). As A increases, the absolute value of curvature at contact
points decreases to zero, and the system enters the ExtC state, in which we can observe flat
part(s) attached to the upper or lower wall. One interesting fact about a flat region is that there
is no force reaction from the wall acting along it, a property also seen in simulations of the entire
system. Indeed, the moment and the deflection angle uniformly vanish along each flat region, and
the Elastica equation C.1b shows that in this case the vertical component of the internal force
should be zero. In the ExtC configuration, the total length of all flat parts attached to the walls
increases as the compression increases. Please note that the number of flat parts is not unique, and
the length of each part may not be identical, but the elastic energy and the equilibrium condition
remain the same (Pocheau and Roman, 2004). In other words, the solution of the problem is not
unique, as illustrated for example in figure 5.4. And to enter the HgF state, the compression force
P should pass the buckling threshold of the longest flat part ¢,, that is P = (27/¢,)?. Then,
this flat part buckles and creates a free branch, the two ends of which are attached to the same
wall. We call this kind of branch a hanging fold, and call the configurations with hanging folds
the hanging-fold states (HgF'). Because the solution of the ExtC state is not unique, ¢, is also
not unique, and the actual value of A at which the system passes to the HgF state is not fixed
and depends on the history of the deformation. In figure 5.4a, the orange solution enters the HgF
state with larger A than the blue solution because the flat region is fragmented into more pieces.
When the system passes from the ExtC to the HgF states, both the compression force P and the
reaction forces of the walls F' decrease. When the hanging fold touches one of the walls, a new
fold is created, and we enter another cycle of configurations. Note that the deformation process
does not follow exactly the order PtC-ExtC-HgF-PtC. The reason will be explained later in this
chapter.

5.3 Basic idea of analytical models: solving by parts
Although the morphing process is not unique and depends on the history of deformation, each

configuration can be described analytically. Indeed, the beam can be separated into free branches
and flat regions if there is any. An example is shown in figure 5.7a.

A f
y l
WO=|H L
s, s=¢
....... o) X
Ols=0 x() i’
(a) An example of splitting the system into parts (b) The arch solution

Figure 5.7: Solving the system by parts, illustration.

Each free branch (see figure 5.7b) conforms to the equations of the planar Elastica (also intro-
duced in section 1.5 and appendix C):

2'(s) = cosf(s), ' (s) =sinb(s), 0"(s)=—Psinf(s)+ fcosf(s), s¢€]0,/] (5.2)
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To actually study the confined Elastica by solving the free branch, or arch solution, we need
to consider the boundary conditions given by the wall height H and the imposed displacement A.
Additionally, because the contact between the Elastica and the walls is frictionless, the compression
force P is conserved in the entire system. The first integral, also called the Hamiltonian (C.3), is
also conserved. Finally, the length of each arch ¢ can be found by the conservation of the total
length of the Elastica.

Self-similarity of the Elastica equations

We are interested in the force responses and the shape of the deformed beam. In the first place,
even without solving, we can gain some insights from the equations.

It has been shown by Roman and Pocheau (1999) that the system of equations (5.2) present
the following self-similar property. If 6(s), z(s), y(s), P and f verify system (5.2), then do 6(3),
Z(3), (), P and [ also, with

=0, (=1, (y=y, (5=s, P/CP=P [f/C*=f 35ecl0,0/C] (5.3)

This means that if the length of an arch is scaled down to 1/k of its original length, then the
forces are k? times of their original values. If there are N folds, then the length of an arch is
approximately 1/(2N), from which we can estimate that the horizontal force responses P increase
quadratically with the number N of folds. The total vertical response of the walls F' = 2N f is
then seen to follow a cubic dependence on the number N of folds.

5.4 Phase diagram

The system depends on two parameters, the end displacement A, and the wall height H, and we
would like to classify the response of the system as a function of these two parameters. This is
what is done in the phase diagram of Figure (5.8a), where we present the number N of folds,
and Figure (5.8b), where we present the configuration types. In these two figures, we plot (i)
results from the total system simulation and (ii) theoretical predictions for the parameter values
for which the system experiences a transition (configuration change). Results from the total
system simulation approach (Section 5.1) are plotted with points, while results from the theoretical
predictions (Sections 5.2, 5.3 and the following analysis) are plotted with lines.

Transition from N — 1 to N fold(s) These lines Hy(A) are related to the ‘not touching -
touching’ transition (point A; in Figure 5.6) and the HgF-PtC transitions (points Dy_; = An
with N > 2 in Figure 5.6). For a given A, we solve (5.2) with

F=0, £=1/2N), 00)=00) =0, z(0)=y(0)=0, a(f)=(1-24),  (5.4)

and Hy(A) is given by the solution value of y(¢). The solving can be either done by applying the
analytical solution described in Appendix C, or the shooting method that was presented in Section
1.5.2.

Thanks to the self-similarity, the line Hj(A) separating the not touching and the touching
region with £ = 1/2, can be scaled to any other N — 1 to N folds transition, with £ = 1/(2N) and
Hn(A) = Hi(A)/N.

Transition from PtC state to ExtC state This corresponds to points By in Figure 5.6. In
the same manner, the lines H{(A) defining the PtC-ExtC transitions are calculated by solving
(5.2) with

00)=0() =0, £=1/2N), 000)=0()=0, z(0)=y0)=0, z(f)=~1—A), (55)
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and HS (A) = y(¢). Once again, HS, can be derived by self-similarity, using H§, = H{(A)/N.

Transition from ExtC state to HgF state Different from the two previous types of transition,
the ExtC-HgF transition depends on the length of the longest flat region, with the horizontal force
P being equal to its buckling force. To simplify the analysis, we suppose the flat regions are
segmented into identical k parts. By construction, 1 < k < 2N + 1. Given N, k and A, the lines
in the phase diagram H%(A) are found by solving (5.2) with

0'0)=0'(0) =0, 6(0)=0() =0, 2(0)=ry(0)=0,
An? (5.6)
INC+kly =1, P=—, 2Na(f)=A

where £, is the length of each flat part. The transition lines are given by H%(A) = y(¢).
In this case, the self-similarity cannot be used, and these lines should be solved for each N and

k.

In figure 5.8, we plot the solutions of the numerical simulations and also the analytical predictions
for H € [0.05,0.25] and A € [0,0.3]. Please note that this diagram considers relatively large H
and small A, such that the number of folds is relatively small. The analytical predictions by

0250 Phase diagram: fold number 0250 Phase diagram: configurations

0.225 4 0.225 9 Untouched
PtC
ExtC
HgF

Spiral

0.200 - 0.200

0.1754 0.1754

zzzzzz
[T TR T
O R WN RO

T 0.1504 T 0.150

s N =1

N=2

o
1
=

0.1254 1a2 0.125 — N3
— 23 — N=4
0.100 4 392 0.100 HgF-PtC
= == PtC-EXC

m— = m ExtC-HgF

—_— 45

0.075 4 0.075

0.050 — - - / 0.050

0.00 0.05 0.10 0.15 0.20 0.25 0.30 . . B . . . 0.30
A

(a) H — A diagram: fold number (b) H — A diagram: configurations

Figure 5.8: Phase diagram: the points are solutions of the total system simulations
with 200 nodes and default mu_init. In each simulation, we fix H and use a contin-
uation method where we increase A with step size 0.005. The lines are theoretical
predictions by non-linear arch solutions, see Egs. (5.4)-(5.5)-(5.6). The ExtC-HgF
transition lines are calculated with k¥ = 1 except the marked one.

the non-linear arch solutions, Egs. (5.4)-(5.5)-(5.6) match well with the total simulation results,
especially when the number of folds is small (N < 2). The only mismatches are the two simulations
of H =0.145 and H = 0.170. In fact, for these two simulations, there are two flat regions, so the
ExtC state stays longer than the other cases, and the system enters the spiral state even without
passing through the HgF state.

When the fold number is relatively large (N > 3), the results of the simulation lag behind
the predictions (with respect to the increasing A), and the configurations tend to stay in the
ExtC state. This is due to the multistability of the system. When the fold number is large and
the system is in the ExtC state, the flat regions can be fragmented into several pieces, thus the
configuration depends on the loading history and hysteresis happens if the loading is reverse, an
aspect which the predictions by the arch solutions do not consider.
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These phase diagrams preliminarily reveal the complexity and rich physics behind the problem
of constrained Elastica. In the following, we further investigate the process of the deformation
with more details, including the forces and the hysteresis.

5.5 Predictions by the von Karman approximation

Solving by separated parts, we are able to predict the responses of the system. Although the
nonlinear planar Elastica equation has analytical solutions, the solutions involve elliptic functions
that are cumbersome to get further physical intuition. To bypass this complexity, we apply the
von Karman approximation®.

The von Kdrmén approximation is first introduced for the deformation of plates (Eisley, 1964;
Karman, 1907), and in this approximation, the moment balance is linearized, and the strain is
approximated by a weakly non-linear expression, which reflects on the kinematics in our system,

that is 1
2'(s) =1~ 502(5), y'(s) =0(s)

In the dimensionless system, with the von Karman approximation, we can again write the
Lagrangian and use the variational method to derive the system of equations

0'(s) = m(s), (5.7a)
(s) = %QQ(S), (5.7b)

y'(s) = 0(s), (5.7¢)
8'(s) = —P(s) + f, (5.7d)

with boundary conditions 6(0) = 0(¢) =0, x(0) = y(0) = 0 and y(¢) = H, see Figure 5.7b.
The solution of system (5.7) can be explicitly solved

(sm \/>s — tan \/Fé

m(s) =

7P cos \/]35> (5.8a)

0(s) = % <1 — cos VPs — tan VP

sin Ps) (5.8b)

y(s) = (\/ﬁs — sin V/Ps + tan VP {cos VPs — 1}) (5.8¢)

f
pPVP
where 7 < v/P¢ < 27, and the length ¢ of the arch solution depends on the configuration and on

the number of folds. With these expressions, we compute m(¢), y(¢), z(¢) and the energy of one
branch:

tan = —m/(0) (5.9a)

y(l) = P— (Wﬁ 2 tan *C€> H, (5.9b)
2\/]36 [2 + cos \/FZ] — 3sinV/ P/

l
x(z):/o |~ (1/2)6%(s)ds = € — TR I PR (5.9¢)
1 t o, B f? /Pt—sinVP¢
Be=j [ mio)s = e (5.94)

!This is also the subject of our article Wang et al. (2025)
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These expressions allow us to predict the configuration and the force response for a given pair
(H,A).
5.5.1 Initial stage to contact

When the Elastica buckles, the horizontal force is P = 4w2. As the end is gradually pushed into
the tunnel, the Elastica eventually touches the upper wall at y = H. It can be predicted by the
von Kérmdan approximation (Bigoni, 2012; Neukirch et al., 2021; Tzokova, 2020), that this happens
when A = (Hn)?/4, and we define

Hx:==VA (5.10)

where Hx is a function of the variable A.

5.5.2 Point contact states (PtC)

Suppose the Elastica is at PtC state with the fold number NV, then the length of each free branch
is £ = 1/(2N), the vertical response from the walls is F' = 2N f, and we have 2Nz(¢) = 1 — A.

Using the arch solution (5.9), we have
\/P
H, = v P, —4tan 5.11
4P \/7 ( an ( a)

A p2VPil2+cos(VPi /2)} — 6sin(vPu/2)

8P,2\/P, [cos(v/P,/2) + 1] (5.11b)
m(f) _ m(0) _ Fy VP,
N - TN _2mtan 1 (5.11c)
with
H,=NH, P,=P/N? F,=F/N3 (5.12)

These solution branches each start when P, = 472, F,, = 0, H, = Ha, and end when P, = 1672,

F,=3"12VA.

5.5.3 Extended contact states (ExtC)

Recall that the transition between the PtC state and the ExtC state happens when the value of
the moment at the extremities of the free branch becomes zero, that is when P, = 1672 in von
Karman approximation system (5.7). Then flat parts appear in the system, and for each free
branch m(¢) = m(0) = 0. First, we can derive that the Hamiltonian (C.3) is conserved along the
Elastica and has the value I,,, = —P. And, from (5.9a), we have that the value of ¢ is fixed to
27 /+/P in the present von Kirman approximation. We note the total length of all the flat parts
20" and have 2N/ + 2k¢’ = 1. As in the PtC case, we have F' = 2N f, and 2Nz(¢) =1 — A and we
obtain

F,

H, = 1
PPy (513a)
2
A=1-[2Nz(l) +20] = 3t _L (5.13b)

4 p2/P,

The branch of solutions ends when one flat part buckles, but the number of flat parts is not a
priori determined, so is the length of each part. When the Elastica in ExtC state has N folds, the
flat region can be divided into k pieces, with 1 < k < 2N 4+ 1. Suppose each flat part has the same
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length, then the length of each flat part is 2¢'/k, and the branch ends when P = 47%/(2¢'/k)?, and
we have

' =k/(AN + 2k) and £ = 1/(2N + k) (5.14a)
P, = 4r? (QN;]“Y (5.14b)
F, = 8n> VA, /2/3 (QNN+ k>5/2 (5.14c)

N
H, = ‘/E\/%’/yv = (5.14d)

which means that for large N and with a flat region divided into a maximum number of pieces
(k = 2N + 1) the vertical force can take values up to F ~ 2000 N3 v/A ~ 140 A%2/H3  and the
horizontal force values up to P ~ 600 N2 ~ 100 A/H?.

To sum up, the ExtC branches start at P, = 1672, F, = 6472\/A/3 and H, = \/A/3, and
ends when one of the flat segments buckles, that is at P = 472 /(2¢'/k)?, where k is the number of
flat parts with 1 < k < 2N + 1.

5.5.4 Hanging fold states (HgF)

After one flat part of the Elastica in the ExtC state buckles, a free branch with two ends in contact
with the same wall is created, and the system enters the HgF state. To simplify the analysis, we
suppose there is only one flat part (k = 1) in the ExtC state with N folds. In such a case, the
flat part has length 2¢ and buckles when P = 72/¢”2. As a consequence, the HgF state starts
at P = 47%(1 + 2N)?, F = 87%/2A/3V/N(1 + 2N)*/2 and H = v2A/\/3N(1 + 2N). After
the flat part buckles, we call the newly created branch the hanging fold, and its length is still
noted 2¢'. Please note that a configuration having a hanging fold and a flat region is not possible,
as it would imply two different values of the Hamiltonian invariant I,,,: the invariant value for
solutions with a flat region is I, = —P while the invariant value for solutions with a fold is
Iy = —P + (1/2)0"*(¢) > —P. The vertical force along the hanging fold is zero, that is f = 0
in system (5.7). Solving #”(s) = —P 6(s) with 6(0) = A(¢') = 0 gives #(s) = ¢ sin/Ps with c a
constant to be determined and P ¢ = w. Making use of (5.9a) and the continuity on curvature
between the hanging fold and other free branch, we have

P P
0'(0) =c P:\)}%tan\/} = c:]j;tan\gg. (5.15)
With that, we can calculate the retraction of the hanging fold with z(¢)
v 2
z(0)= [ 1—(1/2)0*(s)ds=1"[1— T/ (5.16)
0

And the displacement condition is 2[N z(¢) + z(¢')] = 1 — A, where x(¢) is given by (5.9¢). Then
we can obtain the expressions for the HgF state in the von Karméan approximation

H, = H’iq;ﬁu <\/Fu€u — 2tan \/?Eu> (5.17a)
A g2 {\/EEu [2 + cos \/Puly] — 3sin /Pyl N 1/2—4, 1— cos \/EEU} (5.17b)
' APV Py (cos VPuly + 1) 8P 1+ cosv/Puly
Pi= (W>2 (5.17c)
“TON2 \1/2 -4,
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where ¢, = N0 =1/2 -0 =1/2 —7/(N\/P,).
This solution ends when the highest (or lowest) point of the hanging fold touches one of the

walls. The hanging fold part is now two classic arches, which are the same as the other free
branches. We have / = ¢ =1/(2+2N), P=4rx?(1+ N)?, F =0, and H = Hp/(1+ N).

5.5.5 Insights from the von Karman approximation

With the von Karman approximation, we found that the global solution can be represented by
explicit expressions. Moreover, these results are normalized by the fold number N, indicating the
dependence of the forces on the fold number N, which is coherent with our analysis using the
self-similarity property of the Elastica equations in section 5.3.

Recall that the system is controlled by H and A, with the expressions of von Karmén ap-
proximation, we can derive P, = P/N? and F,/vVA = F/(N3VA) as functions of Hx/H =
(2V/A)/(7H), which is called the compact ratio. For each deformation cycle, P, grows from 42,
the buckling threshold, we choose to present P, — 472, such that the curve starts from zero, see
figure 5.9.

[ ] L]
: 2 3500 A H
: P,—4n - v
800 1~ k=3; u 30004 FulvA
: s 2500 - : .
600 1 : ¥ :
: J 2000 * »
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400 ~ ; - & | 1500 1 k=27 o
: o o’ : d o
Kk f o] . 1000 - 1 - o
200 k71 7 v e k1, . o
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0 /N=1 423 \@4 '\@\'\ 0 N:l\'\ «:3\ N:Ll\'sN/:S\'\
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Ha — 2VA Ha —27/A
H mH H mH

Figure 5.9: The horizontal and vertical force responses predicted by the von Karman
approximation. The solid lines present the PtC state, the dotted lines for the ExtC
state, and the dash-dot lines for the HgF state. Points are added to indicate when
the ExtC state ends for different number of flat regions k.
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Figure 5.10: Collapse of the curves. The solid lines correspond to the PtC state, the
dotted lines to the ExtC state, and the dash-dot lines to the HgF state.

72

7®7



CHAPTER 5. WALL-ATTACHED CONFIGURATION

Universal solution We show in figure 5.10a that, using the fold number N, the PtC branches
all collapse on a single master curve, for any A and any N. This shows the existence of a universal
solution depending on the two parameters H and A only through the rescaled compact ratio,
which is also coherent with our analysis of the self-similarity of the Elastica equations. The ExtC
branches also collapse, except that the higher limits on these branches are different, because it
depends on the maximal number of flat regions k, which depends on N. There is no collapse for
the HgF branches, which can be explained by the presence of N in (5.17c¢).

In figure 5.10b we plot the vertical force as a function of the horizontal force with rescaled
axes. As shown earlier, for PtC and ExtC states there is a universal solution independent of single
parameters, and in Figure 5.10b we see the relation between F' and P is almost linear. This linear
relation implies that F' H ~ P A which means that the work done by the horizontal and vertical
loads is comparable.

Multistability and deformation process From figure 5.9, we see rather regular variations
of the forces. The fold number N increases with the compact ratio Hx/H. When the value of
Ha/H is larger, the forces grow less rapidly, thus the curves seem to be flattened. For large N, a
snap-back can be observed in the HgF state. In fact, the expressions of P, and F,, prove that there
is always a snap-back even at N = 1, but it is more visible when N is large. Using series expansion
around transition point ExtC/HgF for N = 1, we find F = 21672H — 38887%(1/3 —¢)H + ... and
A =9/2H? —27(1/3 — £)H? + ..., with ¢ decreasing from ¢ = 1/3, which proves the snap-back.

When the Elastica deforms under imposed A, the snap-back solutions are unstable, and will
not be observed experimentally.

For the ExtC state, when there are more folds, the curves extend to a broader range of Ha/H,
several stable solutions exist for the same displacement load, and the largest limit pass the range
of the HgF state for the same N. In addition to that, when the system is in ExtC state and N
is large, there are more choices for the number of flat regions k£ (1 < k < 2N + 1), and k is more
likely to be large, thus the buckling of one of the flat regions happens at a larger value of P. As a
consequence, when N is large, we may pass the hanging fold state and jump to another ExtC state
with more folds, see figure 5.11. And this is indeed what we observed in our numerical simulations,
see for example the numerical solutions plotted in figure 5.8b.

700 5 P ] Figure 5.11: Multistability and evolution:
600 - Pu—4n an example. Staring from the same point
‘ ) (P0) and increasing A, there are more
than one possible trajectories, the black
and cyan lines are both possible choices.
Buckling depends on the number of flat
regions k. When £k is large, buckling hap-
pens much later (the black curve) than in

the case of small k£ (the cyan case).

500 A
400
300 A
200 ik

100 A

Hysteresis Apart from the multistability and its influence on the deformation process, the so-
lutions of the von Karman approximation can also explain the hysteresis that was observed in
experiences and simulations.

In figure 5.12a, we draw the bifurcation branches of the von Karman approximation. Supposing
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we load the system with increasing A, and it jumps from ExtC state at PO (P2) to another ExtC
state with one more fold at P1 (P3), just as what was explained earlier. Then we unload the
system from B0 = P3 with decreasing A. Instead of following the path from which the system
arrived at P3, it will follow B0 — B1, passing from the ExtC state to PtC state, then the HgF state
until it arrives at the limit point B1. For this value of A, both B2 and B2’ are stable solutions, but
the system will probably jump to B2 state because it is closer to B1. Then the system continues
the unloading in the PtC state. Thus, when the system is loaded with increasing A, it is mainly
in the ExtC state, and when it is unloaded, it follows mainly the order of HgF-ExtC-PtC states.
The sequence of events is indeed what is found in numerical simulations, see Figure 5.12b. The
hysteresis shows that the loading-unloading cycle costs energy even without friction.
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(a) Prediction
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(b) Comparing with simulation (H = 0.02).

Figure 5.12: Hysteresis. Using the von Karman approximation, we draw the figure
on the left side. We first load the system by increasing A from P0 to P3, then we
unload the system from B0 = P3. On the right side, we superimpose the curves of
von Karman approximation with the simulation data. The bluish points are data of
a simulation with increasing A, while the yellowish points are from a simulation with
decreasing A.
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Figure 5.13: Comparison between the total system simulation and the results from
the von Karman approximation. Each point is given by the simulation and the color
of points indicates max#;, the darker color, the smaller max ;.

Validity of the von Karman approximation The von Karman kinematic approximation is
accurate only when the deformation is small, that it for small values of A and H. A measure
of the deformation degree is the maximal value of the flexion angle 6 (happening at the inflexion
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point s = £/2), as it is a dimensionless variable related to the geometry of the system. In figure

5.13, we plot the data from the simulations with varying H and A, and superimpose the solutions

found with the von Karman approximation. The darker points are associated to smaller max 6;,

and the figure shows well that the approximation works well when max 6; is small, in other words,

the deformation is small. Quantitatively, the approximation works well when max6; < 0.75.
With (5.8b), we derive

o= fu (4 ! (5.18) > e
maxt = — , . 0
2P, cos (V/Py 1y /2) 304 SRS P
‘(‘ N=2
i .o“’ ’\ = N=3
and with the above solutions, we plot max 8/v/A as 23 7 N
a function of the rescaled compact ratio Ha/(NH)—1 2o / AN i~
in figure 5.14, from which we see that 2 < max 8/vA < 00 02 04 06 08 10
3.7. With that, we can estimate the von Kérméan w1
approximation is valid for 3.7V/A < 0.75, that is
A <0.04. Figure 5.14: max6 with
von Karman approxima-

tion

5.6 Cellular models

The analytical models introduced so far were based on

the idea of splitting the global system into an integer

number of arches. However, to predict the general be-

haviors of the system without entering into details of morphology, one could lift this restriction
and allow the system to be composed of a real number of repeats of the same cell. We call these
kinds of models cellular models, see figure 5.15.

— 4 f
Y lF M : ' Y , P
: : —
s=(
”I ..... o)
N 2N cells with NeR > X O [s=0 a-2y x
(a) Cellular model (b) One cell

Figure 5.15: Cellular model of the wall-attached confined Elastica

Recall that in the models introduced previously, the length of a branch ¢ is determined by the
fold number. In the cellular model, the fold number is an unknown real number, so we need to add
one more condition into the system of equations to find ¢. Here we propose two ways, the first is
to use one of the classic conditions for the transition between two different configurations. This is
similar to how the transition lines in the phase diagrams are found (see section 5.4). The second
is to consider £ as an unknown when minimizing the total energy of the system.

5.6.1 Cellular models for configuration transition

HgF /PtC transition At the HgF/PtC transition, the hanging fold just touches one of the
walls, and the vertical force of one free branch is zero, see figure 5.16a. Thus, for a given pair of
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Figure 5.16: Transitioning cellular models

(A, H), we solve

2'(s) = cosf(s), y'(s) = sind(s), (5.19a)
0" (s) = —Psinf(s), s €10,/ (5.19Db)

with boundary conditions
0(0)=0(¢)=0, z(0)=y(0)=0, =z(f)=4L1-A), y(¢)=H. (5.20)

The unknowns of the system are 6(s), z(s), y(s). In the shooting procedure, we have 6 un-
knowns: P, ¢, and 4 initial conditions for the 2 first-order and the second-order ordinary differential
equations. This is balanced by the 6 boundary conditions, so the system is closed.

Solving the system gives a prediction for the force responses P, and also the fold number, which
is derived from ¢: N = 1/(2¢).

PtC/ExtC transition At the PtC/ExtC transition, the bending moment at two ends of the
free branches becomes zero, see figure 5.16b. From the direct integration of Elastica equation, we
have (C.2). As 6'(0) = ¢'(¢) = 0, then for a given pair of (A, H), we solve

2'(s) = cosf(s), y'(s) = sinf(s), (5.21a)
0'(s) = —Py(s) + fx(s), s € 0,/] (5.21b)

with boundary conditions
0(0)=0(¢)=0, z(0)=y(0)=0, z({)=441-A), y)=H. (5.22)

The unknowns of the system are 6(s), z(s), y(s), f, P and ¢, and we have 3 first-order ordinary
differential equations, 6 boundary conditions, so the system is closed. Please remark that the
condition #'(0) = #'(¢) = 0 disappears from this system, but when it is applied to equation
(5.21b), we have PH = f{(1 — A).

As in the previous case, solving the system gives a prediction for the force responses P f, and
for the fold number N = 1/(2¢).

ExtC/HgF transition Compared to the previous two cases, we need more assumptions to
define the cell model for the ExtC/HgF transition due to the indeterminate distribution of the
respective lengths of the flat regions. As the cellular models represent the system by a repetition
of the same cell, we assume the cell of ExtC/HgF transition to consist of an arch of length ¢
followed by a flat region of length ¢, see figure 5.16c.

At ExtC/HgF transition, the bending moment at two ends of the free branches still vanishes
(0'(0) = 0'(¢) = 0), same as the PtC/ExtC transition, thus we have the same differential equations
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(a) First way to assemble ExtC/HgF cells. (b) Second way to assemble ExtC/HgF cells.
(k = 2N) (k=N)

Figure 5.17: Two ways to assemble ExtC/HgF cells. This affects the computed value
of the force P.

(5.21), but the force P is given by the buckling threshold of the flat regions. There are two ways
to assemble the cells, see figure 5.17. In the first way (figure 5.17a), the length of each flat region
is £, there are in total £ = 2N flat regions, and the buckling threshold is P = e /512,, while in the
other way (figure 5.17b), the length of each flat region is 2¢,, there are in total k = N flat regions,
and the buckling threshold is P = 7 /622,. Therefore, the transition happens at a smaller A when
the second definition is used. It is rarer that the flat regions fragment to a number matching the
fold number, thus the first configuration of the ExtC/HgF model is further from simulation results
or experimental observations than the second configuration. Thus, only the second configuration
is considered for further discussions.

Both ways of assembling have the same boundary conditions
6(0)=6(¢) =0, z(0)=y(0)=0, z(l)+L,=l+L)(1-A), y)=H. (5.23)

The unknowns of the system are 6(s), z(s), y(s), f, £ and £,. The force P is related to ¢,. We
have 3 first order ordinary differential equations, 6 boundary conditions, the system is closed.

The solution of this system of equation gives the force responses f and P (given by ¢,). The
number of folds in this case is N = 1/[2 (£ + £,)].

Von Karman approximation of the transitional cellular model All the three transitional
cellular models have approximated solutions, which are directly derived from the solutions pre-
sented in section 5.5. In the following table, we present the results of the forces P and F', the fold
number N, and the total energy &, as functions of end shortening A and the height H:

p F N Eiot = 2N E,,
HgF /PtC 165 0 2VA ~ (.64Y2 164,
VA

PtC/ExtC | 107 & ~ 5265, 940 ~70.247

H

~0.58YA L A0 17,64
VA
H

1 VA
V3 H
ExtC/HgF | 8m2 2 ~79.04, 3274% ~ 105347 V2VA 1047

8n2 A2 AZ
2 A2 812 A% 26,343

3 H?

Table 5.1: Formulas for the forces P and F, the fold number N and the total bending
energy 2N E,; as functions of the end shortening A and the height H in the von Karman
approximation.
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5.6.2 Global cellular model

In the global cellular model, we consider an arch solution of unknown length ¢, see figure 5.15b.
In order to find a condition matching this supplementary unknown, we proceed to minimize the
total energy of the problem

¢
9(5),;?51)%(5)7@ Etot = 2N - Ecent = % [ ; %9/2(8) dS] (5.24a)
subject to  2/(s) = cosf(s), %/(s) =sinb(s), s €10,/] (5.24Db)
0(0) =6(¢) =0, x(0) =y(0) =0, (5.24c)
a(l) =4(1-A), y)=H (5.24d)

Here we use the classical variational approach and construct the Lagrangian:

0
L0,2,y,0) = % { /O %9’2(3) - na(8)[(5) — c0s0(s)] + 1y (5)[y/ (5) — sin 0(s)] ds} . (5.25)

where n,(s), ny(s) are continuous Lagrange multipliers, defined in s € [0, £].

It is similar to the Lagrangian of the Planar Elastica problem, but in this case the boundary
is defined by a variable . When applying the variational method, one should also consider the
variation of the boundary s = ¢ in the same way that we have shown with the sliding sleeve
example (see equation (4.17)):

6(0) +00'(0) =0, Z(l)+L'(0) =) +L=10(1—-A), FU)+/(&)=5)=0.  (5.26)

And the variation of the Lagrangian is

-1 4 _
L =7 {/ (—=0"(s) 4+ ng(s)sinf(s) — ny(s) cosB(s)) O(s) — ny'(s) T(s) — ny'(s) y(s) ds}
0
. ) ; (5.27)
+ 5 4= O 0 na(0) T(0) +ny(0) §O) 6 — L
—~— ~—

=-A{ =0

At minimum, £ = 0 for all the admissible variations, and we have the system of differential /
integral equations

2'(s) = cosf(s), y'(s) = sin0(s) (5.28a)
0"(s) = —Psinf(s) + f cos(s), s €10,/ (5.28b)
1 /41 1
S| Z0%ds+ {6”2(6) —P-A| =0, (5.28¢)
?Jo 2 2

where the Lagrange multipliers n,(s) = —P and ny(s) = —f are the  and y components of the

internal force.
Just as for the relation C.4 in the appendix C, note that we can use the first order integral C.3
to calculate the integral in equation 5.28c and arrive at the relation

1 /2 fy(ﬁ) _
SO =P A+ D52 =0 (5.29)

Solving these equations with boundary conditions (5.24c) and (5.24d), we obtain the general
force responses P and f, and also a prediction of the fold number with N = 1/(2¢).
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Please note that in addition to the equations of the classical planar Elastica problem, we have
the additional equation (5.28¢c). It comes from the fact that ¢ is also a variable in the minimization
problem. Moreover, £ is linked to the varying boundary, similar to the mechanical systems in which
configurational forces are present, as we mentioned in section 4.2. However, in this case, we cannot
conclude that the additional equation is related to some configurational forces, and the physical
nature of (5.28¢) is still to be discussed.

The von Karman approximation The von Karman approximation can also be applied to the
global cellular model, and the differential equations are the same as (5.7). The only difference from
section 5.5 is that here the arch length ¢ is an unknown to be solved with the additional equation
(5.28c¢).

Since the solutions (5.9) are calculated by the boundary conditions that are included in the
global cellular model, these solutions are also valid here, and we can apply (5.9) in the equation

(5.28¢) and derive /P = tan (f\/ﬁ) Because 0 < (/P < 27, we can find /P ~4.5.

Then, applying boundary conditions on x(£) and y(£) with (5.9¢), (5.9b) and /P ~ 4.5, we
find

20 = 262.153 A, fe3 =12.984 H.

Please note that the fold number is N = 1/(2¢), and the total vertical reaction from the walls is
F =2N f = f/¢, and the solution may be presented with different variables, see table 5.2

P F Eior = 2NE,, -

A A2 A2 _ VA
(A, H) 31ﬁ 31ﬁ lﬁﬁ N = 0.627

(A,N) | 81N? 130N3VA  40AN? H = 0.62%2

(H,N) | 81 N> 208HN*  104H?N* A =26H?N?

Table 5.2: Formulas for the forces P and F, the total bending energy 2N F,, the end
shortening A, the height H, and the fold number N for the cellular model in the von
Karman approximation, as functions of different pairs of variables.

In figure 5.18, we plot the forces and the fold number found by nonlinear simulations, and the
global cellular model in the non-linear setup and in the von Karman approximation, for H = 0.1.
Please remark that we especially chose the quantities P H?, F H3 and N H. This is because from
the expressions shown in table 5.2, these quantities do no depend on the wall distance H. Good
consistency is observed between the three results. As expected, the von Kérman approximation
matches especially well with the non-linear solution when A is small. This proves the validity of
the concerned models.

When the pair of variables (A, H) is chosen to express the forces, we see that P varies linearly,
and F varies quadratically with A. Moreover, in figure 5.19, we compare the force P needed to
push the Elastica into a tunnel with wall height H to that of an unconstrained Elastica. For the
unconstrained Elastica, P grows approximately linearly with a slope of 272, which can be found by
considering the non-linear Elastica equations, see for example Bazant and Cedolin (2010). In the
constrained case, the global cellular model predicts that P grows linearly with a slope of 31/H?2,
where H is much smaller than 1. Thus, P grows much more rapidly in the presence of walls.
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Figure 5.18: Comparison between the simulation, non-linear solution and von Karman

approximation of the global cellular model.
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Figure 5.19: The horizontal force
needed to compress a constrained
elastic rod predicted by the von
Karman approximation of the
global cellular model (orange)
and that of an wunconstrained
Elastica (blue). The solution
found by simulation (dash-dot
line) is also added. Please note
that here we consider the case in
which A is small.
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5.6.3 Self-similarity of the cellular models

In section 5.3, we mentioned that the system of equation of the Elastica is self-similar. The
self-similarity also apply to all the cellular models.
We introduce the self-similar variables
5 (s)

06 =0s), 23 ="2 ge=YY B_pe Fose, s-

/ €[0,1], (5.30)

S
L
to ‘scale’ the original arch with unknown length ¢ to a fixed length 7 = 1. Given the dimensionless
displacement control A, solutions of the self-similar system can be rescaled to any configuration

of different wall height H. The energy calculated by the self-similar system can also be rescaled
back by

~ ~ 114
£—E/0, with & = / S0(3)ds (5.31)
0

Please note that the solutions of the cellular models only concern equilibria, the stability of
which needs further investigation. In fact, the stability analysis of the global solution is also valid
after rescaling back to configurations with any wall height H.

This reduces the solving and analysis for configurations with different H, and we call these
solutions the self-similar solutions or the global solutions.

HgF /PtC and PtC/ExtC transition Compared to the original model, the self-similar model
has one less variable (the length of the arch £), so one less boundary condition is needed, we choose
to remove the condition on g(1), and this is valid for both HgF/PtC and PtC/ExtC cellular models.
Thus, the value of 7(1) comes from the solution. To rescale the global solution to a configuration
with wall height H, one find the arch length ¢ by

t=H/y(1), (5.32)

with which one can find other variables using (5.30).

ExtC/HgF transition The solution of ExtC/HgF cellular model can be derived from the so-
lutions of the self-similar PtC/ExtC cellular model. The length scale ¢ is still calculated with the
help of (5.32), but a new displacement control parameter A, different from the original A, should
be derived as follows:

W)+l =01+0,)1-A) = A=1-2A"P (5.33)

where ép = 27/ VP when cells are assembled as in figure 5.17a, or where @p =/ VP when cells
are assembled as in figure 5.17b.

The global cellular model From (5.28)-(5.29), the rescaled equations for the global cellular
model are

7'(8) = cos6(3), 7' (s) = sin6(3), (5.34a)

0"(3) = My sin0(3) — Ay cos0(3),  5€0,1] (5.34D)
. . .

59’2(1) —P-A+ gﬂ(l) =0 (5.34c)
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Figure 5.20: Branches of equilibria of the global cellular model as functions of A.
The different colors mark different stability indices. Along the branches, 5 points are
chosen, and their corresponding shapes are plotted on the right.

with boundary conditions

~

6(0)=6(1)=0, #0)=7g0)=0, z(1)=1-A. (5.35)

We use the same methods presented in section 1.7.2 to calculate the equilibria and the related
stability, the results are shown in figure 5.20.

On the left side of figure 5.20, we show the values of the energy, bending moment at 5= 0 and
the forces as functions of A. These branches are found by the arc-length continuation method,
and several bifurcation points are found.

Recall that the stability index equals the number of negative eigenvalues of the projected
Hessian matrix of the discretized system, one equilibrium is stable only if the stability index is
zero. As one can see from the figure 5.20, there is only one stable branch, which starts at A =0
and ends at the limit point A ~ 0.73.

We plot the form of the arch at 5 chosen points on the branches on the right of figure 5.20. The
yellow arch is on an unstable branch (with 2 positive eigenvalues), and the form is symmetric with
respect to its middle point. The cyan and green arches have the same value of ]3, f and opposite
values of #(0), and their forms are symmetric. In fact, the #(0) branch itself is symmetric, which
is related to the symmetry of the system of differential equations. The cyan and green arches
reflect how this symmetry manifests in the form. The brown and black points are on the stable
branch, which is the most important branch for further analysis. Please notice that no curve passes
A = 0.75, and the form of the arch at maximum A is shown by the black arch.

Please notice that for the self-similar global cellular model, we do not impose any condition on
g(1), just as for the self-similar HgF'/PtC and PtC/ExtC models. The way to rescale the self-
similar solution to that of a configuration with wall height H is the same for the three models:
(i) find the arch length ¢ with solution y(1) and (5.32), and then (ii) compute the other variables
with (5.30).

Self-similarity and universal solutions In section 5.5, using the von Karman approximation,
we have found the expressions of forces scaled by the fold number P, = P/N?, F, = F/N? as
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functions of the compact ratio. Earlier in this section, the von Karman approximation of the global
cellular model gives expressions of forces scaled by the wall distance P H2, F H? as functions of A.
These are all closely related to the self-similarity of the Elastica equations, and with the cellular
models, we can further express these scaled quantities with the self-similar solutions only.
The key point is the length scale ¢ by (5.32), and the real fold number N related to ¢. For
HgF /PtC, PtC/ExtC and global cellular models, we have
1 g(1)

N:—:i
20 2H’

and for the ExtC/HgF model, we have

201 44,) 2H(1+14p)

And we also see that N H predicted by the cellular models does not depend on the wall distance
H.
Then, the forces can be expressed by the self-similar solutions:

P=P/>=4N?P = Pj*(1)/H?, (all cellular models) (5.36a)

F=2Nf/? =8N3f = f¢°(1)/H® (HgF/PtC, PtC/ExtC, global), (5.36b)
1) F9*(1)

or F=8N*f(1+14,)=—2"—~—— (Ext/HgF). 5.36¢

fA+4) Hi(1+1)) (Ext/HgF) (5.36¢)

As a consequence, for all the cellular models, P H?, F H3, P/N? and F/N? are given by the
self-similar solutions only: they are independent of the wall distance H and only depend on A.

5.6.4 Prediction of the cellular models

In this section, we introduced two types of cellular models, the transitional cellular models and
the global cellular model.

In figure 5.21, we show the fold number and forces predicted by the cellular models together
with the data of the simulation for a fixed wall height H = 0.1.

For the forces, we can see that the simulation data stay inside the HgF/PtC and ExtC/HgF
cellular models, which are respectively the lower and upper limits. Please note that the ExtC/HgF
cell is based on the second configuration, which considers a lesser number of flat regions, £ = V.
However, it still overpredicts the forces, which means that the number of flat regions is also
overpredicted.

The curves for the HgF /PtC and PtC/ExtC models pass exactly through the transitional points
between different configurations, which is expected from the way these models were constructed.
The global cellular model passes through the PtC states, which is also reasonable owing to the
model setup.

The cellular models not only capture the global tendency of the forces P and F', and of the
fold number N, but also the shape of the solution. Indeed, when the cellular models predict an
integer value of N, the cell form can be superimposed on the simulation solutions. This proves
the capacity of the relatively simple cellular models to reflect the complex behavior of the whole
system.

Figure 5.21 shows the solutions of a case with rather large H, thus the maximum number of
folds is relatively small. Recall that the multi-stability and hysteresis are more prominent when
there are more folds, and this is the case for small H.
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Case H=0.10
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Figure 5.21: Comparing the cellular models with simulation data for H = 0.1. The
fold number, the forces are plotted as functions of A. Several forms predicted by
the cellular models are compared with the simulation results when N of the cellular
models is integer, the solutions are marked by the same marker on the left side.
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In figure 5.22, we show the cellular models predictions with the simulation data for H = 0.01.
While the quantities N H, P/N?2, F/N3, P H? and F H? given by the cellular models are universal,
and only depend on A, the results of the IPOPT simulation is not. Although the simulation data
still stay in the same range as the cellular model predictions, the ‘period’ of the variation is
different. Compared to the data of large H values (for example figure 5.21), the jagged pattern in
force variation is denser for small H.

Case H=0.01
Fold number: NH Horizontal force: P/N? Vertical force: F/N?

| 200 - 2001 ’

150 A

300 4

- || 1004 et ==

-
e

200 A

0.00 0.02 0.04 0.06 0.08 0.10 0.00
A

® AT PC AT ExtC ® AT HgF Al PtC

Figure 5.22: The fold number, the energy and the forces found by the simulation
and predicted by the cellular models. The simulation data combines the increasing-
decreasing loading process, with max A = 0.1.

For the simulation data with small H, hysteresis can be observed. When A increases, the
system tends to stay in the ExtC state, thus the value of the forces are larger. And during the
unloading process, the system mainly deforms in HgF-ExtC-PtC order, and the forces are smaller
compared to the loading process. Nevertheless, the forces given by the simulation data still stay
between the HgF /PtC cell and the ExtC/HgF cell prediction. Furthermore, the loading data stay
above the global cellular line, while the unloading data stay mostly beneath the global cellular
line. Apart from that, the global cellular model has the lowest total energy among all the cellular
models, which can be explained by the construction of the model, in which we tried to minimize
the total energy with varying ¢. Once again, the ExtC/HgF cell overpredicts the forces, which
means that during the simulations, the flat region is most likely to be split into k fragments with
k smaller than the fold number N. As a consequence, the ExtC/HgF model underestimates the
fold number and overestimates the total energy of the system. Although the lower limit of the
forces still sticks to the prediction from HgF /PtC cell model, the PtC/ExtC line no longer passes
through the transitional states of the simulation data. This may be due to the higher level of
complexity and multistability when the number of folds is large.

5.7 Conclusions

In this chapter, we introduced the problem of an Elastica confined between two rigid walls of
distance H. More precisely, the two ends of the Elastica are clamped and attached to one of the
walls, and it deforms under imposed displacement A. To sum up, the system is controlled by a
given pair of parameters (A, H).
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We have been interested in describing the shape of the beam and the force responses of the
system. The investigation employed several approaches, including numerical simulations and the-
oretical analysis. Several models were proposed, and their predictions were compared with the
simulation data. The theoretical models are based on solving by parts, meaning to solve the
Elastica equation with imposed constraints for each free branch in the system. Thanks to the self-
similarity of the Elastica equation, we can predict without calculations that the force responses
of the system scale with fold number N. The self-similarity also turned out to be very helpful to
other analytical models.

The first application of solving by parts is to find the transition lines in the (A, H) diagrams,
with which one is able to predict the fold number N and the configuration of the system for a
given pair of (A, H). Furthermore, the von Karmén kinematic approximation was introduced.
After applying the approximation, explicit solutions were derived, which were thereafter used to
explain in detail the responses of the confined Elastica under relatively small displacement. It
has been shown that these solutions are universal, can be scaled with the fold number IV, and do
not depend on individual parameters A and H, but rather on the compact ratio Hx/H. This
is coherent with the self-similarity mentioned earlier, and very useful for the theoretical analysis.
The explicit solutions of the von Karmén approximation also show the complexities of the system,
including multistability and hysteresis.

After that, we lifted the constraint that the system should be composed by an integer number
of free branches, and introduced the cellular models, which consider the number of branches to be
a real number instead of an integer. Thanks to the self-similarity, these cellular models can capture
the evolution of the deforming system with a universal solution. Regardless of the simplicity, the
cellular models turned out to be relevant and informative, and can exactly match the whole system
simulations when the predicted fold number N is an integer.

To conclude, we have shown that the physics behind the constrained Elastica problem is rich.
There are still a lot of aspects that can be further investigated, including the maximal number of
folds that can be reached given a wall height H, the post-buckling behaviors after this limit point,
not to mention the different ways of loading (loading by forces, vertical compression, etc.) and the
different types of fixation. In the next chapter, we will change the position of fixation, and discuss
the differences and similarities with the problem of this chapter.
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Centered configuration

In the previous chapter, we studied the deformation and force reactions of an Elastica pushed
through a tunnel with displacement control. The two extremities of the Elastica were clamped
and attached to the lower wall of the tunnel, thus we call it the wall-attached configuration. In
this chapter we consider a slightly different case, in which the Elastica is clamped midway between
the walls, see figure 6.1, and we call this the centered configuration.

Once again, the length and bending stiffness of the Elastica are respectively L and FI, and the
system is adimensionalized with length unit L and force unit EI/L?. The distance between the
upper and lower walls is still marked by H, but here the two ends are placed midway between the
two walls, thus the distance between the support and one of the walls is a, with H = 2a. The force
responses of the support and the walls are respectively P and F', which are the same notations as
in the wall-attached configuration.

Figure 6.1: Centered confined Elastica: Illustration of different configurations with
different arch number n.

Regarding the boundary conditions, there are numerous variations, including the type of fix-
ation (clamped or pinned), the loading (force or displacement control), the height of the fixation
with respect to the walls, etc. Although passing from the wall-attached to the centered config-
uration is only one small variation, here we will show that it induces some changes that can be
generalized to configurations with different fixation heights.

For the centered configuration, we will introduce some new approaches to model the wall
constraints. The evolution process of the deformation and the form of the system is no longer
emphasized, but the force responses are still one of the focus of the study. Moreover, the stability
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of the solutions will be discussed in detail for the centered configuration.

6.1 Energy minimization of the discretized system

The discretized system used for the simulations by energy minimization is illustrated in figure 6.2.

A F
y !
L NN e e b,
0 X (x":y") B— X
Yo Yv A

Figure 6.2: Discretized system of the centered configuration.

Minimization with CasADi and IPOPT When CasADi and IPOPT are used, the imple-
mentation is not much different from the wall-attached configuration, except for the definition of
the wall constraints. Instead of condition 5.1d, we now have

a+y;>0anda—y; >0, Vi=12,...,N—1 (6.1)

The solving method and the signification of the Lagrange multipliers remain the same as what
has been presented in section 5.1.

With the help of CasADi and IPOPT, we are able to run ‘numerical experiments’ and obtain
the equilibrium solutions of the confined Elastica under centered clamps. The results for the case
a = 0.05 are shown in figure 6.3.
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A=0.006 A=0.034
A=0.015 A=0.045

Figure 6.3: Solution found by energy minimization with CasADi and IPOPT (a =
0.05,H =0.1).
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A first glance at the behaviors of the centered configuration From figure 6.3, we see
that the evolution of the force responses has a similar repetitive pattern as the wall-attached
configuration. However, when we look at the equilibrium shapes, they are less symmetric than
those of the wall-attached configurations. For the same reason, the vertical force response of the
upper and lower walls may not be the same, and the difference is balanced by the vertical force
provided by the supports. In the wall-attached configuration, this force is not distinguished from
the vertical force responses from the lower wall. When the form of the system possesses symmetry
and the number of touching points to the upper and lower walls is the same, the vertical force
responses of the upper and lower walls are the same, see solution marked in cyan. When the system
is highly deformed and the Elastica touches the walls at many points, the difference between the
vertical force responses of the upper and lower walls becomes less significant, and in the following
we use the average value to present the vertical responses from the walls. Additionally, because
the folds in the centered configuration are not as homogeneous as those in the wall-attached
configuration, the vertical force responses are always strictly positive instead of having some states
with zero vertical force F'.

The simulation results also show how the system deforms as the loading A increases. When the
distance between the two walls H is the same as in the wall-attached configuration, the Elastica
touches one of the walls at a smaller imposed displacement A. Indeed, the first stages of the
deformation are the same as the wall-attached configuration, but with wall distance H/2 = a.
These include the coming-into-contact and the deformation under point contact (PtC) state. At
the end of the PtC state, if we continue to load the system with increasing A, the system will enter
a non-symmetric state, which is shown in brown in figure 6.3. Recall that in the wall-attached
configuration, the system will enter the extended contact (ExtC) state, which is not the case for
the centered configuration. However, the ExtC state does not violate the constraints and is one
equilibrium, because the ExtC state solutions also make the first derivative of the Lagrangian
vanish. Here comes our question about the stability of these solutions, which will be discussed in
detail in section 6.5.

Limitation of IPOPT leading to the self-implemented SQP /active-set algorithm Re-
call that IPOPT finds only energy minima, which is not enough to study the equilibria and their
stability in general. In example 1.7, we have shown that the equilibria, both stable and unstable,
and their stability index can be easily calculated for the discretized system with the help of the
algorithmic differentiation feature of CasADi. For the confined Elastica, the difficulty comes from
the inequality constraints. For a given load, it is difficult to determine which are the active in-
equality constraints. To handle this, we implemented an algorithm similar to the SQP /active-set
method that was presented in section 1.3.1, which is able to find both stable and unstable equilibria
under the presence of inequality constraints.

6.2 Analytical point of view and bifurcation diagrams

Although less symmetry and homogeneity are present in the centered configuration, it is still
possible to separate the system into arches, also called the free branches, and use numerically
computed arch solutions to predict the behaviors of the system, as was done for the wall-attached
configuration, see section 5.3. Using this method, one is able to find both stable and unstable
branches in a bifurcation diagram, and please remark that the solutions presented here are the
equilibria, their stability is in question.

Due to the complexity, here we concentrate on the first stages of the deformation, and try to
establish the bifurcation diagrams for small values of A. In figure 6.4, we show the bifurcation
branches found by the arch solutions for the case a = 0.05.
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Figure 6.4: Bifurcation diagram found by shooting and matching arch solutions (a =
0.05).
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When the Elastica has not yet touched the walls, the deformation process develops in the same
way as a normal buckling problem. When unstable solutions are also considered, every buckling
mode has its own branch, emanating from A = 0 and evolving until the form violates the wall
constraints. Here we choose to show only the first three modes, which are the branches 4 — A
(mode 1), 8 — B8 (mode 2), and 16 — C'16 (mode 3). The three branches sequentially reach their
bifurcation point at A, B8 and C'16.

After the Elastica touches the upper wall, we separate the Elastica into parts connected by
the contact points, at which the geometric variables x(s), y(s), 6(s) are continuous. Thanks to
symmetry, we only need to calculate half of the system for the branches A — B, B— B, B—C
and C' — C'16.

The branches A— B and B — C and C — C16 are respectively the PtC, ExtC and HgF states in
the wall-attached configuration. Please remark that the point C'16 connects to the mode 3 branch.
Here we specially point out that the branch 16 — C'16 and B — B’ are two separated branches.
Although they seem to superimpose in the diagram of the horizontal force P, they are clearly
separated in the bifurcation diagram of the vertical force F' and the curvature at s = 0.

The asymmetric form that was observed with the IPOPT simulation of figure 6.3 is on the
branch B — B8, which connect the PtC state to the touching point of mode 2 buckling. At the
end of the branch B — B8, the Elastica touches both upper and lower walls, and the system then
follows the B8 — D branch. At point D, the curvature at touching point reaches zero, and the
system then continues on the D — B’ branch. Both B8 — D and D — B’ branches are calculated
using three arches. The D — B’ branch joins the B — B’ branch at point B’.

These bifurcation diagrams show the complexity of the existing equilibria for the confined Elas-
tica in centered configuration. Figure 6.4 only considers relatively small values of A, and not
all the possible bifurcation branches are shown. Please also remark that the turning points and
bifurcation points are very sharp. Both features may cause problem for the simple numerical
continuation method to find the bifurcation branches.

The analysis with the help of arch solutions shows the branches that are the easiest to find, and
makes it possible to present the energy as a function of A, as shown in figure 6.4. This energy plot
enables one to tell which branch has the lowest energy at a given A. However, a branch that has
higher energy is not necessarily unstable, it may be locally stable, as mentioned in section 1.4.1,
but the stability cannot be easily derived from the shooting approach on the arch solutions.

In the following section, we introduce the soft-wall potential to model the wall constraints.
This approach turns the inequality constraints into equations, and smooths out the sharp turning
points in the bifurcation diagram, both of which help the stability analysis.

6.3 Soft-wall model

Here we introduce another way to model the wall constraints. A comprehensive theoretical study
is given by Manning and Bulman (2005) where the soft-wall approach was introduced as a means
to study stability in the presence of contact.

Rather than using inequality constraints, we introduce a new term into the minimization ob-
jective to penalize the Elastica for approaching the walls. This additional term is usually called a
soft-wall or a barrier potential, and the minimization problem writes

. L1 9 1 1
g [, 300 i )
subject to  2(s) = cosf(s), '(s) =sinf(s),

0(0)=0(1)=0, z(0)=y(0)=0, =z(1)=1-A,

_|_
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where b is a measure of the intensity of the penalization.

Please remark that the function 1/x goes to infinity when x goes to zero, which is valid even a
very small coefficient b is used. In this case, the function will take a small value in a larger range
of x, and will change more abruptly around x = 0. Thus, if the soft-wall potential has a smaller
parameter b, the zone influenced by the soft-wall potential becomes smaller. When b tends to zero,
the soft wall tends to the hard wall.

6.3.1 The system of differential equations

In this formulation, there are no more inequality constraints, and we are able to obtain a system
of equations using a variational method. The Lagrangian of the system is

Ml ! | s
E[@,x,y]—/ 219 ()+b[a_y(s)+a+y(8) d (6.3)

+ ; ng(s) [2'(s) — cosO(s)] + ny(s) [y (s) —sinb(s)] ds

From the first derivative of the Lagrangian, we obtain the differential equations :

0" (s) = ny(s)sin0(s) — ny(s) cosb(s) s €[0,1] (6.4a)
n,(s) =0 (6.4b)

la—y(s)]*  la+y(s)

The Lagrange multipliers n,(s) and n,(s) are respectively the horizontal and vertical components of
the internal force along the confined Elastica. The horizontal component n, is constant, n, = —P,
where P is the external force acting on the support to push the Elastica into the tunnel. Adding the
soft-wall potential, we find the differential equation (6.4c), indicating that the vertical component
of the internal force ny(s) varies with the y position. With (6.4c) we also see that n, increases
rapidly when y approaches the upper wall (y = a) or the lower wall (y = —a), and this is how the
soft-wall potential models the effects of the confinement. The influence of the walls is present in
a diffusing way, n, changes progressively as y approaches the obstacle, hence the name soft wall.
The potential strength is controlled by the parameter b: as mentioned earlier, when b is large, n,
will be affected in a larger band around the walls, and its impact will be smoother.

Soft-wall potential of generalized walls Although it is not required for the confined Elastica
problem that we are studying, the soft-wall potential method can also be used to model ‘walls’ with
arbitrary geometry described by functions H,(z) and H;(x). In this case, the soft-wall potential
becomes:

1 1

Hoz)—y - @)

(6.5)

We can again construct the Lagrangian

12 s
£ [P0 p(a(s) (o) + ) [1(6) = cos0(e)] 4 my5) [ () —sinde) s, (69
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and derive the differential equations in the same way as before. In this case, we have

7'(s) = cosf(s), y'(s) = sin6(s) (6.7a)
0" (s) = ng(s)sinf(s) — ny(s) cosb(s), (6.7b)

o —H/(z) [(z)
ng(s) =0b [(Hu(x) _ y)2 T (y — Hl(x))Q]

, B 1 _ 1
"0 = G HwR (6.7d)

6.3.2 Solving the soft-wall model

To solve the system, one can either use the system of equations and the shooting method that
is mentioned in section 1.5.2, or use the algorithmic differentiation feature of CasADi as what is
done in the example 1.7. Here we choose the latter because the stability of the solutions can be
obtained in a more direct way.

Additionally, the continuation method is applied to find different bifurcation branches. As
mentioned earlier, these branches have a number of turning points and bifurcation points. For this
reason, we use the arc-length continuation method that was presented in section 1.4.3 to ensure a
better performance in searching the bifurcation branches and points.

6.3.3 Results of the soft-wall model

In the original problem of the confined Elastica, the system is controlled by two parameters, a and
A. As for the soft-wall model, we have an additional parameter b. In this part, we present the
solutions found by the soft-wall model for a = 0.05 with different A and b. Recall that the results
of IPOPT and the predictions by the arch solutions are obtained for the same a, which allows us
to compare the results from the 3 approaches and helps us to gain insights into the problem in
general.

The influence of parameter b Firstly, we compare the results of the soft-wall model found
with different values of b together with the arch predictions and the IPOPT results, see figure
6.5. Compared to the results of IPOPT and arch solutions, the bifurcation branches of the soft-

Soft wall potential: influence of b

Arch sol.
IPOPT

b=1072
5o -==— -- b=1073
— b=10"3

T T T T T
0.5 1.0 15 2.0 2.5 3.0 3.5

Figure 6.5: Influence of the parameter b.
wall model are much smoother, which can be explained by the diffusive nature of the soft-wall
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potential, and it is a property that helps the continuation method to follow the branches more
easily. Solutions with larger b are more smoothened at the sharp turning points, and solutions
with smaller b converge to the hard-contact prediction, which is coherent with our explanation in
the previous part.

We observe that the continuation algorithm works less well for smaller b. There are two possible
reasons. First, the turning points of bifurcation branches are sharper, which causes problems if
the continuation method cannot handle the jagged bifurcation branches. Secondly, when b is small
the soft-wall potential is only effective in a narrow zone around the wall; if the continuation step
is too large, the Elastica may pass to the other side of the wall before it is affected by the soft-wall
potential. Therefore, when a smaller value of b is chosen for the soft-wall model, one needs smaller
continuation steps to follow the bifurcation branches.

Please note that b determines the zone affected by the soft-wall potential in an absolute way,
independent of the wall distance parameter a. Thus, when a is small, a smaller b is needed to
converge the ‘soft wall’ to the ‘hard wall’.

The bifurcation diagram of the soft-wall model In figure 6.6, we show the bifurcation
branches of the soft-wall model with b = 1073. The shapes of the beam are also shown next to
each branch. In addition to the first three modes, a branch initiated with mode 4 is also calculated
and presented on the diagram. We see that the four principal branches are connected between
them through auxiliary branches. Apart from what was predicted by the arch solutions, there
is also a branch connecting the mode 3 and mode 4 curves. This shows the richness of existing
equilibria, and one can imagine the presence of a number of other bifurcation branches that are
not shown in this diagram.

Recall that the simulation with IPOPT only finds the stable branches, and the prediction by
arch solutions needs special consideration to separate the system into arches. Compared to these
methods, the soft-wall model is very practical to find both stable and unstable branches in a
relatively simple way. Additionally, the stability of the equilibria of the soft-wall model can also
be obtained in a relatively easy manner. The results are as follows.

The stability of the equilibria in the soft-wall model In figure 6.7, we present the stability
index at each point on the bifurcation branches of the soft-wall model with b = 1072 and b = 1072,
together with the IPOPT results and the arch predictions. Recall that a zero stability index
implies stable solutions, and larger stability indices stand for higher degrees of instability. For
both b = 1073 and b = 107>, a stable branch is observed near each IPOPT solution, which is
consistent with the fact that IPOPT finds only the stable solutions. As mentioned earlier, there
are four main branches, initiated by the first four buckling modes. We can see that the mode 1
solution is stable, and the stability index increases by one as the mode number rises, which is in
agreement with the classical theory of buckling. Moreover, the stability changes at each bifurcation
point and each limit point, which is consistent with the bifurcation theory of smooth systems.
One important discovery in these diagrams is that, according to the soft-wall model, the solu-
tions near the ExtC and HgF branches are also stable, indicating the multistability character of
this problem. These soft-wall branches emanate from the mode 3 buckling point. For the results
with b = 1073, we only see the stable solutions (index 0, black) near the HgF branch. The curve
turns down a little before going back up. The results with b = 10~ are similar except that the
curve continues to go down until nearly reaching the point connecting the PtC and the ExtC
branches. When it turns back up, it follows nearly the same path as before, but these are not the
same equilibria, and they are unstable (index 2), as shown by the diagram. When we look at the
energy predicted by the arch solutions in figure 6.4, we see that when the ExtC (B — C') and the
asymmetric branch B — B8 leave point B, the former has a lower energy than the later. In the
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Figure 6.6: Bifurcation diagram of the soft-wall model with a = 0.05, b = 1073.

Stability (@ =0.05, b=1075)

Stability (a=0.05, b=1073)

Arch sol.
IPOPT
® 0
e 1

2
3
® change

2.0 2.5
HA/a

3.0

3.5

(a) Soft-wall model with a = 0.05, b =103
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Figure 6.7: Stability analysis: the stability index (i.e. the number of negative eigen-
values of the projected Hessian matrix) is presented in different colors. The points
at which a branch changes stability are marked in red. The prediction by arches and
the IPOPT solutions are also plotted, in gray dashed line and light-salmon points,

respectively.
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same manner at point C, the ExtC branch has higher energy compared to HgF. Thus, we infer
that the stable solutions we found here are the local minima in the admissible solution space, but
further investigations are needed to determine whether it is also the case in the original problem
with rigid walls, and this is the focus of section 6.5.

In the following section, we will focus on predicting the general force responses with analytical
approaches. To achieve this, we propose the cellular model of the confined Elastica in the centered
configuration.

6.4 Cellular model

When the Elastica is clamped midway between the walls, the system loses homogeneity in its form
and the global cellular model presented in section 5.6.2, with a single cell, is no longer suited.
In this section we propose the global cellular model for the centered configuration to tackle the
inhomogeneity at the boundaries.

The system is considered to be a combination of two types of cells, Cell 1 describes the arch
solution at the two extremities of the Elastica, and Cell 2 represents the repetitive pattern in the
middle, see figure 6.8. The number of Cell 1 is always two, and we assume the number of Cell 2
to be M, with M € R.

M cen1 M Cell 2, with MeR Celll ~

Cell1

Figure 6.8: Cellular model of the centered configuration

The variables of each type of cells are the curvature k;, the deflection 6;, horizontal and vertical
positions z; y;. They are functions of curvilinear coordinate s; € [0, ¢;], with ¢ = 1 for Cell 1 and
1 = 2 for Cell 2. They are related by:

0.(s;) = ki(si), i(s;) =cosbi(s;), vi(si)=sinb;(s;), s;€1[0,4;] i=1or2. (6.8)
The length of the 2 cells, £1, £5 should conform the total length of the Elastica and the imposed
displacement control, leading to the following relations (please remember that we are working in

units where the total contour length L = 1)

201+ Mty =1 (69&)
21‘1@1) + M$2(€2) =1-A (6.9b)
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The boundary conditions of each cell are

1(0)=0 yi(h) =a (6.10a)

0
0 2(0) =0 yg(fg) = 2a (6.10b)

Energy and system of equations As for the global cell model in the wall-attached configura-
tion, we minimize the total energy described by the two cells

01 1 {2 1
Esor = 2/ ~60,% ds + M/ Z 0% dsy . (6.11)
0o 2 0o 2

To find the form of the Elastica, we use the variational method to construct the Lagrangian
with the geometrical constraints (6.9) and the boundary conditions (6.10)

bt 1 72 ! .
L0, i, y5,0, M) =2 /0 591 ds1 + f1 /0 sinf; ds; —a
Z21 ’2 52 .
4+ M / 592 dss + fo / sin 0 dss — 2a (6.12)
0 0

fl 62
+P<2/ cos@ldsl—i—M/ COSngSg—(l—A)),
0 0

where P, f1 and f2 are the Lagrange multipliers.
To derive the differential equations from the Lagrangian, we compute the variation of the
functional L:

f — — /1
L= 2{ 191 [—9'1'—Psin91 + f1 00891] dsy +9’1(€1)91(€1) + /1 (29,12(€1)+P>}
0

lo _ _ _
+M { ’ 02 [—95’ — Psinfy + f2 CcOs (92] dss + 9%(@2)92(@2) + (;952(52) + P)} (6.13)
0

_ L1 4 Lo
-M / — 9’2 dso + P/ cos O2ds9
0o 2 0

where (-) is the variation of variable (-).
Note that the constraints (6.9a) and boundary conditions are not taken into the Lagrangian.
Thus, we also have the additional relations coming from their variations:

9:(0) =0 0i(€;) + L:0;(£:) = 0 (6.14a)
%(0) =7;(0) =0 Ui () + Ly (£5) = 55 (4;) =0 (6.14b)
201+Mly + Mly =0 (6.14c)

The minimization of the Lagrangian requires L = 0 (necessary condition). Grouping terms of
variation of 0;(s), we find the classical Elastica equations for the two cells:

0] = —Psin6; + f; cosb;, Vs; € 10,4;], withi =1 or 2 (6.15)

It shows that the Lagrangian multipliers P, f; are respectively the horizontal and the vertical
components of the internal force of the Elastica in each cell. Note that the horizontal force remains
constant for all cells.
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_ As for the other terms in the Lagrangian variation, we use (6.14) to replace all variations with
{1 and /{9, and require £ = 0. Then we have

01(£1) = 05(L2) (6.16a)

& ¢
/ S 08 sy + 20 (62) — P (1 — () = 0 (6.16b)
0

Solving method We would like to solve for the unknowns 6;(s;), x;(s;), yi(si), 4, fi (i =1 or
2), P and M using equations (6.8), (6.15), additional equations (6.16), the geometry conditions
(6.9), and the boundary conditions (6.10).

There are 4 first-order differential equations and 2 second-order differential equations, for the 6
variables 0;(s;), xi(s;), yi(si) and 6 unknown parameters ¢;, f;, P and M. This means 14 conditions
are needed to solve all the unknowns, that are the 2 geometry conditions, 10 boundary conditions
and 2 additional equations; the system is closed.

More precisely, the shooting method is used. We look for 6/(0), ¢;, f;, P and M (8 unknowns),
such that integrating the differential equations from s; = 0 to s; = ¢; meets the 4 boundary
conditions at s; = ¢;, the 2 geometry conditions and the 2 additional conditions.

Comparison with total system simulation In this part we discuss how the cellular model
captures the behaviors of Elastica under displacement control. We again choose the case a = 0.05
and we vary the end displacement A. The results are compared with IPOPT simulations.

Figure 6.9 shows the forces, the number M of cells of type 2 , and the shape of the beam
for 4 A values at which M is an integer. Recall that in the total system simulation, the vertical
force reaction of the upper and lower wall can be different. For the cellular model, we define
F = f1 + M f5, which is the averaging value.

When M of the cellular model is an integer, the form of the system found by the cellular model
and the IPOPT simulation exactly match and the values of the forces are also the same, which
means that the cellular model can capture the exact behavior of the whole system provided that
M is an integer. When it is not, the forms found by the cellular model are not the same as those
of the total system simulation, but the cellular model predicts well the general tendency of force
reactions, which is the same as what we had for the global cellular model for the wall-attached
configuration.

6.4.1 The von Karman approximation of the cellular model

To predict the reactions of the system in a more explicit way, we apply the von Karman approxima-
tion to the cellular model. Recall from section 5.5 that the von Karmén approximation linearizes
the moment balance and simplifies the strain in a weakly non-linear way, thus the differential
equations for each cell become

/ ]‘ /

zi(si) =1~ 59?(51') yi(si) = 0i(s:) s; €10, 4] (6.17a)
9,2/(51') = —PHl(sl) + fi t1=1or2 (617b)

And the additional equation (6.16), the geometry conditions (6.9), and the boundary conditions
(6.10) remain the same.
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Figure 6.9: Comparing results from the total system simulation and from the cellular
model. Case a = 0.05. Left: the forces (P/7?, F/n?) and the number M of cells of type
2 as functions of A. The colored stars correspond to the shapes on the right. Right:
the shape of the beam for M = 1, 2, 3, 4 computed with the total system simulation
(IPOPT) and the cellular model.
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Analytical solution Because these are the same systems of equations as in section 5.5 the
solutions (5.9) and the formulas on s = ¢ (5.8) also apply to (6.17). Thus, for the cell ¢, we have

zi(l;) = b; — : (&\/ﬁtaHZ <€Z\2/ﬁ> — 6tan (21\/]3> + 3&'@) (6.18a)

4P5/2 2
yi1(6y) = P{}TD (21\/? — 2tan (&;/13)) —a (6.18b)
y1(ly) = P{jﬁ (égx/ﬁ — 2tan (“42‘2/13)) =2a (6.18¢)

From (6.16), we have

\J/c%tan (61\2/73> = \‘/fzﬁtan (62\2/]3> (6.19)
f .
\/]30052(522@ (62\/13005 (62\/]3) — sin (62\/13)) =0. (6.20)
And equations (6.9) are rewritten as
2004+ Mly =1 (6.21a)
2(@1 — .%'1(61)) + M(gg — .%'2(52)) =A (6.21b)

and we replace ¢; — x;(¢;) using (6.18a).

The equation (6.20) gives fov/P — tan(fav/P) = 0. As 0 < fo/P < 2, we can find fov/P = 4.5.
Injecting this values back into equation (6.18c), we have fo ~ 0.286a P32. Then, the equation
(6.19) gives —0.8tan(¢;v/P/2) = £1v/P. Because 0 < ¢1v/P < 2r, we have £1v/P ~ 3.58, which
leads to f; &~ 0.08a P3/2. Applying the above expressions into (6.21), we have

M = —1.59431 + 0.222548V' P (6.22a)

A = a?(—0.56468V'P + 0.127399P), (6.22h)

and we can then derive

/ A
VP = 4.49341(1.59431 + M) = 2.21619 + 2.801814/0.62571 + —5 (6.23)
a

which means that the horizontal force can be written as a function of M or A/a?. Besides, the
vertical force F' and the total energy of the system can be written as expressions of ¢ and P

F = fi + M fy = a(—0.37645P3/% + 0.06370P?) (6.24)

Eiot = 2E1 + M Ey = (0.06370vP — 0.18823)a>P3/? (6.25)

Recall that in table 5.2, we showed that the force responses and the energy can be expressed

by two of the variables among (A, H, N). This is also the case here, but the expressions are not

as concise as the wall-attached configuration, and for this reason, we do not present the results as
a table, but we note here that M, A and a can be presented by the two other variables:

/ A
M = —1.101 + 0.6241/0.626 + — (6.26)
a

A = 2572 (M? + 2.202M + 0.969) o (6.27)

a = /0.389A/ (M2 + 2.202M + 0.969). (6.28)
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Validation and discussion We have solved all the unknowns, including ¢1, ¢s, f1, fo, P and
M, and showed that they can be expressed as functions of the two variables (A, a).

In figure 6.10, we show the solution of the cell model under von Kédrméan approximation, with
a = 0.05 (H = 0.1). There is good consistency between the IPOPT simulation, the non-linear
cellular model and the von Karman approximation, which validates the expressions of von Karméan
approximation. Also, the approximation is better when A is small, which is expected.

Comparing simulation, cellular model and VK simplification (a=0.05, H=0.1)

P/m? F/n? Number of cell 2: M
100 T
150 4
75 4 4
50 1001 2
- 50_
25 : 04
0 T T T T 0' T T T - T T T T
0.00 0.05 0.10 0.15 0.20 0.25 0.00 0.05 0.10 0.15 0.20 0.25 0.00 0.05 0.10 0.15 0.20 0.25
A A A
® |popt Cell e VK

Figure 6.10: Comparison between the total system simulation, the non-linear cellular
model and the von Kiarmén approximation, for the case of study a = 0.05 (H = 0.1).

With (6.23), we see that P depends on the proportion A /a?, which is similar to what is discov-
ered for the wall-attached configuration: the response of the system depends on the aspect ratio
Ha/H = (2/A)/(xH). Moreover, the vertical force F' can be written as

F —0.37645P%2 4 0.06370.P?
VA \/—0.56468/P + 0.127399P

which is a function only depending on P. This means that F'/ VA is also a function only depending
on A/a?, which is similar to the wall-attached configuration case. However, we cannot rescale the
forces with the cell number M to have a universal solution. This is due to the inhomogeneity
introduced by Cell 1, thus the self-similarity cannot be applied to the centered configuration.

A more detailed discussion between the two configurations can be found in chapter 7.

6.5 Stability analysis of the ExtC and HgF branches

From the results of the soft-wall model, we have found stable solutions around the ExtC and HgF
branches, which are not found by IPOPT simulation. In this part, we further discuss the stability
of these solutions.

6.5.1 IPOPT simulation with HgF warm-start

Our first attempt to determine the stability is to warm-start the IPOPT solver with a HgF solution
that was found by the wall-attached configuration simulation. The TPOPT optimizer only finds
the local minima, which are also the stable solutions. If the solver is able to converge to the HgF
solution, we can basically confirm that these solutions are stable.

We especially point out that IPOPT, or the interior-point methods in general, modify the
original problem with the barrier parameter u, see section 1.3.2. This is especially the case for
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local minima with small domain of attraction (see section 1.4.1). If the initial value of p is too large,
the potential well of some local minima may be smoothed out, and the solver may not be able to find
these solutions, even though they are stable. As predicted by the arch solutions, the ExtC and HgF
branches have higher energy than the asymmetric (asym) branch, so it is very possible that IPOPT
misses these solutions if the initial value of u is too large. To deal with this issue, we modified
the parameters of the IPOPT solver. We used warm-start initialization, set mu_init=10"%, and
set all parameters related to initial distance to bound (for example warm_start_bound_push) to
10~°. With that, we succeeded in finding the HgF solution with IPOPT. We also applied the
continuation method with control parameter A to find other solutions following the HgF, ExtC,
PtC, and asym branches.

In figure 6.11, we show the solutions found by the IPOPT solver with a warm-start seed marked
by the red point and the related branches found by the continuation method. The original IPOPT
results starting from A ~ 0 and the arch solutions are also shown in the figure.

P/n?, a=0.05

40

Arch sol. Al
35 4

From A=0 AT
30 4
25 1 ExtC Seed
20 HeF i
DY IETTETTUPPR PPPPF PPRY INVPPITPTI ITIPIPIOH PICTILL oo it
10 P.tC . a.sym

5 -
untouched

O T T T T T
0.000 0.005 0.010 0.015 0.020 0.025 0.030
A

Figure 6.11: Finding extended contact state with IPOPT. The system is discretized
by 200 nodes and solved with modified parameters.

We observe that IPOPT can successfully find the solutions on the HgF and ExtC branches
except near the bifurcation points and the limit point where ‘snap-back’ happens. This indirectly
indicates that the solutions on the ExtC and HgF branches are stable.

6.5.2 Stability of the SQP /active-set solutions

In section 6.1, we mentioned the self-implemented SQP /active-set algorithm, which basically solves
the first derivative of the Lagrangian of the discretized system, and determines the active inequality
constraints with an active-set algorithm. Please recall that the interior-point method treats the
inequality constraints by adding barriers, and the final result is the limit when the barrier parameter
convergences to zero. Theoretically this gives the solution of the original problem, but considering
the computer precision and the tolerance of the algorithm, the values of the Lagrange multipliers
of inactive constraints are not exactly zero. On the other hand, the active-set method determines
the active constraints in an exact way, which is needed by our stability analysis algorithm. We
have explained in section 1.2.2 how to determine whether an equilibrium is a local minimum, which
also decides the stability of the solution. Our algorithm is its direct implementation with the help
of the algorithmic differentiation of CasADi.

Furthermore, when analyzing the stability with the second-order optimum condition, the
strongly active inequality constraints can be considered as equality constraints. As a consequence,
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when there are no weakly active constraints, the stability analysis is no different from that of
problems with only equality constraints, for example the soft-wall model.

However, in the presence of weakly active constraints, the discussion of the stability is more
delicate. Without weakly active constraints, the projection to the admissible subspace can be
achieved by the transformation matrix, which is the kernel of the inaccessible directions (see section
1.2.2 and the example 1.7.2). But in the presence of weakly active constraints, the projection cannot
be achieved in the same way, because the subspace is defined with some inequalities, see expression
(1.8). We call such a subspace a cone.

Back to the confined Elastica problem, when the Elastica touches one of the walls, the inequality
constraint at this point is active. Recall that the Lagrange multipliers of the wall constraints are
physically equivalent to the force reactions from the wall, thus if the force reaction at the contact
point is strictly positive, then the constraint is strongly active. On the other hand, if the force
reaction is zero at the contact point, the inequality constraint is weakly active.

Accordingly, the HgF states have only strongly active constraints, while the ExtC states have
both strongly and weakly active constraints. Therefore, once the nodes having active constraints
are known, the stability analysis of the HgF states can be achieved with the original stability
analysis algorithm, while the ExtC states need a more advanced method.

Stability of the HgF states In figure 6.12, we show the HgF branch found by the SQP /active-
set method with the stability index of each solution point. Four different numbers of nodes are

Stability of HgF solutions found by SQP/active-set method
P/m?, a=0.05, 25 nodes P/n?, a = 0.05, 50 nodes P/, a=0.05, 100 nodes P/m?, a=0.05, 200 nodes

30 1 30 1 e 30 1 (4 301 '

g

101 101 10 4; 101

20 A

0 T T T T 0 T T T T 0 T T T T 0 T T T T
1.00 1.25 1.50 1.75 2.00 1.00 1.25 1.50 1.75 2.00 1.00 1.25 1.50 1.75 2.00 1.00 1.25 1.50 1.75 2.00
Hala Hala Hala Hala

Arch sol. IPOPT From A=0 ® index 0 ® index 1

Figure 6.12: Stability analysis of the HgF solutions found by the SQP/active-set
method. The system is discretized by 25, 50, 100, and 200 nodes, and the results are
shown separately in the four figures.

used to discretize the system. From left to right are the results found by using 25, 50, 100 and 200
nodes.

It can be observed that when more nodes are used, the bifurcation branch is smoother. More-
over, approaching the limit point of the HgF branch, some of the solutions are labelled as unstable.
In figure 6.13, we show three solutions of the discretized system with 25 nodes to explain the jagged
bifurcation branch.

In the continuous system, the wall constraints are defined for a continuous variable y(s), and
theoretically, the contacts in the HgF state are punctual. On the other hand, in the discretized
system, the wall constraints are directly defined on nodes. The jagged branch is caused by the
algorithm passing the contact from one node to the other nodes. Moreover, we see that near the
limit point of the HgF branch, when two nodes around a contact point are all active, the system
is stable, and if only one node is active, the system is unstable. We assume that this is because a
contact point is actually between two nodes, if both nodes are active, the system is more stable.
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Figure 6.13: Three solutions on the HgF bifurcation branch of the discretized system
with 25 nodes. The contact points are marked by points with different colors, and
the solution is marked by a star with the same color on the bifurcation branch.

Around the limit point, the stability analysis is more sensitive to errors, thus the states in which
only one node is active for a contact point are revealed to be unstable.

To this point, we have analyzed the stability of the SQP /active-set solutions on the HgF branch.
Although the results are not precise around the limit point of the HgF branch, we see that the
HgF states are basically stable, which is relevant to the stability analysis of the soft-wall model.
Improvements can be made by adding higher-order contact conditions, see for example Crespel
et al. (2024).

6.5.3 Weakly active constraints and Pareto eigenvalue problem

As mentioned earlier, to determine the stability of equilibria with weakly active constraints, the
projection of the admissible space is different from the case in which only strongly active constraints
are present. Nevertheless, the stability analysis can still be achieved by calculating the eigenvalues
of the discretized system but with additional conditions.

In this section, we discuss a related problem, the Pareto eigenvalue problem, where one seeks
eigenvalues of a matrix in a cone:

Pareto eigenvalue problem Given A, a real matriz of sizen xn, find A € R, and a
non-zero vector'y, such that

R} >y L (Ay — \y) € RY}. (6.29)

The expression y L (Ay — \y) means y’ (Ay — \y) = 0.
Pareto eigenvalue problem is closely related to the positivity of matrix A in the cone R’}. If
the minimal Pareto eigenvalue of A is positive, then A is positive definite in R’}.

Computation of the Pareto spectrum According to Costa and Seeger (2008), if A € R is a
Pareto eigenvalue of matrix A € R™*" if and only if there is an index set J, a non-empty subset
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of [1,2, ...,n] and a vector £ € R¥, where k is the number of elements of set .J, such that
A7 ¢ = )\¢, EcRE (6.30a)
Y A& >0, igJ (6.30b)
JjeJ

where A7 is the principal submatrix of A formed with the rows and columns of A indexed by .J.
In this case, the vector x € R", defined by

_) &G itjed
x—{ 0 itjdy (6.31)

is a Pareto eigenvector of A and A is the corresponding eigenvalue.

To compute all the Pareto eigenvalues, one has to compute the eigenvalues and eigenvectors of
all the principal submatrices of matrix A. If A is of size n X n, there are 2" — 1 ways of choosing
the indices, thus 2™ — 1 principal submatrices to investigate. The number grows exponentially with
n, which can cause computation difficulties for large matrices.

Note that some submatrices may have zero Pareto eigenvalues and some others may have
multiples. At most, each submatrix may have n Pareto eigenvalues, so the total number of Pareto
eigenvalues for the matrix A is less than or equal to n2"~!. This upper bound is in fact lower, as
it has been shown that a matrix A € R™ " has at most n2"~! —n + 1 Pareto eigenvalues (Costa
and Seeger, 2008).

Pareto eigenvalue problem from an optimization point of view Analyzing the positivity
of an n X n real matrix A in the cone R} is to discuss whether yT Ay is positive for all y € R%.
We reformulate this problem into an optimization problem. Furthermore, we show the equivalence
between the optimization problem and the Pareto eigenvalue problem.

The corresponding optimization problem of the Pareto problem writes

minimize y!Ay, ye&R"
subject to y >0 (6.32)
lyll=y"y=1

If the minimal objective found in this problem is negative, then it means A is not positive definite,
and the solution found is unstable.

The advantage of this formulation is that we do not have to compute the eigenvalue spectrum
to find the minimal eigenvalue, and this can be interesting for problems of large dimension.

Equivalence to Pareto eigenvalue problem

To analyze the above optimization problem, we construct the Lagrangian
L=y Ay - Ay y—1)-2py (6.33)

where p is a vector with components p1, po, ..., tn.
At the minimum point, the gradient of the Lagrangian should be zero. If A is symmetric,
which is the case for the Hessian matrix, then we have

VL=2Ay — Ay —u)=0 & pu=Ay-—)\y, (6.34)
and also the additional conditions for the inequality constraint y > 0

wiyi =0, vy >0, p; >0, Vi=1,2,..n, (6.35)
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which leads to the same formulation as the Pareto eigenvalue problem.
Then we apply the second-order sufficient condition, that is

V2L = A — M is positive definite on the subspace {y|y’y =1,y > 0}. (6.36)

Note that we have the same Hessian matrix as in the case without weakly active constraints (see
section 1.2.2). Consequently, proving how the stability of a solution depends on the smallest Pareto
eigenvalue is similar.

Implementation and comparison of the two ways to find the minimal Pareto eigen-
value
We implemented the enumerating method in Python with SciPy to compute the eigenvalue spec-
trum. The optimization formulation is on the other hand implemented with IPOPT and CasADi.
Random symmetric real matrices of different dimensions are generated, and for each dimension,
we apply the two methods to 400 matrices. For each matrix, the minimum found by the enumer-
ating method is considered to be exact, and we compare it with the minimum objective found by
IPOPT. To measure the accuracy of the method, we calculate the rate at which the two methods
find the same minimum, and this rate is considered the accuracy of the optimization method.

Because the solution of the optimization method depends on the initialization, we have tested 2
initializations. The first one initiates the search with the absolute value of the eigenvector related
to the minimal eigenvalue of the matrix in the whole space. The other one initiates the search
with a positive random vector of norm 1.

We also compare the computation time needed for the two methods. All the calculations are
done on the same computer, and the values are shown in table 6.1. The time needed for both
methods is also shown in figure 6.14, the y axis is in log scale.

Enumerative H Optimization ‘
Dimension Time (s) Time (s) | Accuracy (1) | Accuracy (2)
3x3 0.19449 2.05698 98.00 % 88.75 %
4x4 0.40941 2.16418 97.00 % 88.00 %
DX D 0.90781 2.33238 95.75 % 90.25 %
6 x 6 2.00375 2.57070 97.25 % 89.75 %
TxT7 4.40090 2.71495 96.25 % 88.75 %
8% 8 9.70279 2.84698 96.75 % 89.50 %
9x9 21.35062 3.08506 93.50 % 93.25 %
10 x 10 46.28476 3.16813 93.25 % 89.75 %
12 x 12 220.82297 3.51282 94.00 % 91.75 %

Table 6.1: Comparison of the two methods. Accuracy (1) is for the eigenvector
initialization, and Accuracy (2) is for the random initialization.

It can be seen that the computation time of the enumerating method grows exponentially
with dimension N, but for the optimization method, the configuration time grows much more
slowly. We also observe that the accuracy depends on the initialization. When initialized with
the eigenvector, the accuracy is higher than the random initialization. But when dimension of
the problem grows, the accuracy of the eigenvector initialization deceases and that of the random
generation increases. It may be explained by the fact that the problem complexity increases when
the dimension increases and the eigenvector initialization yields a poorer prediction of the Pareto
eigenvector.
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Time needed for computing 400 matrices
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Figure 6.14: Time needed for computing the minimum Pareto eigenvalue for 400
random symmetric real matrices as a function of the dimension n of the matrices.

From these observations, we can confirm the interest to use the optimization method for prob-
lems of large dimension.

6.5.4 Stability in the cone with equality constraints and a few inequality con-
straints

In the original Pareto problem, all the conditions are inequalities, but for the confined Elastica,
there are also equality constraints. In this section, we extend what was learned from the Pareto
eigenvalue problem to determine the stability of an equilibrium x* with both strongly and weakly
active inequality constraints. That is equivalent to discussing the positiveness of a matrix H in
the subspace

M = {y|Vh(x")y =0, Vg;(x*)y =0, Vj € Jg, Vg;(x*)y >0, Vj € Jw}

mentioned in section 1.2.2. Please recall that Jg is the index set of all the strongly active constraint,
and Jyy is the index set of all the weakly active constraints, defined in (1.9).

Our objective is to find whether there is a vector y, such that y’Hy is negative. If so, the
Hessian matrix is not positive definite and the solution is unstable. To discuss this problem, we
propose two methods, the optimization method and the enumerating method.

Optimization method

As its name, we again reformulate the problem as an optimization problem:
minimize y!Hy, yeR"?
subject to Vh(x")y =0,

Vgi(x*)y =0, Vj e Jg, (6.37)
Vg;(x*)y >0, Vj € Jw

lyll=y"y=1.

The implementation is still achieved with IPOPT and CasADi. If the optimum is negative, then
the Hessian matrix is not positive definite and the solution is unstable. We should note that the
optimum found by the algorithm depends on initialization and can be a local optimum instead of
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the global optimum. Consequently, if the optimum is positive, we do not exclude the possibility
of a negative global optimum.

The advantage of this method is the relatively small computational cost even in the presence
of numerous weakly active constraints.

Enumerating method

We compute all the possible combinations of weakly active constraints supposing the weakly ac-
tive constraints can be taken into account or not. For each combination, we add the considered
weakly active constraints to the strongly active constraints and compute the admissible space and
the projected Hessian matrix in the same way as described in part 1.2.2. This practice can be
understood as ‘blocking’ the variational direction from all these constraints, including the added
weakly active constraints. Then we calculate all the eigenvalues of the projected Hessian matrix.
If there exists one (or more) negative eigenvalue, we project the associated eigenvector X back into
the original space R™ using the transformation matrix K

x = K% (6.38)

If all the weakly active inequality constraints are satisfied for x, we find a cone-constrained negative
eigenvalue, the Hessian matrix is not positive definite and the solution is unstable. Also, the vector
x corresponds to an unstable variational direction in which the total energy of the system decreases.
If some of the weakly active inequality constraints are not satisfied for x, the negative eigenvalue
is rejected. In this way, we can compute all the negative eigenvalues of our cone-constrained
eigenvalue problem and discuss the stability of the solution.

Algorithm:
Initial : compute all the combination 7 of weakly active constraints
for J in J:
Compute K by (1.11)
Project Hessian matrix H by (1.13)
Calculate the eigenvalue and eigencectors of projected Hessian matrix H
if there is one or more eigenvalue A < 0:
for A in \; < O:
Project the corresponding eigenvector X back to x by (6.38)
if x satisfies all the constraints :
We have one negative eigenvalue, save A and x

6.5.5 Application to the confined Elastica problem

To determine the stability of ExtC state solutions, we apply the two methods that determine the
stability of equilibrium with both strongly and weakly active constraints.

Considering the computational time, only 41 nodes are used to discretize the system, and two
equilibria in ExtC state found by the SQP /active-set method are chosen for the stability analysis.
The geometry of the system is shown in figure 6.15.

The first solution (figure 6.15a) is on the B-C branch of the bifurcation diagram 6.4, and the
second solution (figure 6.15b) is beyond point C. The second solution is by nature unstable because
the compression force P is larger than the buckling threshold of the flat part. Please note that
for wall-attached configurations, to pass above the bifurcation point C, the number of flat regions
should be more than one. But here, the flat region is not split, and hence P is necessarily larger
than the buckling threshold.
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Figure 6.15: Two equilibria in ExtC state. The red points mark the nodes with a
strictly positive Lagrange multiplier.

Both the optimization method and the enumerating method find that the ExtC P200 is stable,
and the ExtC P500 state is unstable. Furthermore, the minimal eigenvalues found by the methods
are the same, which validates their implementation.

Although the stability of the continuous system needs further investigation (see for example
the work of Ro, Chen, and Hong (2010)), with these methods, we can conclude that the ExtC
states on the B-C branch of our discretized system are stable. Finally, the reason why IPOPT has
difficulty converging to these ExtC states still needs further investigation. We assume that it is
because the potential well around B-C branch is small and shallow, in other words, the domain of
attraction is small (like the local minimum B in figure 1.1b).

Stability of the mode 3 touching limits

In fact, not only do the ExtC states have weakly active constraints and require calculating
eigenvalues in a cone to determine the stability, it is also the case for the mode 3 at the touching
limit.

It is known that the stand-alone mode 3 is unstable (the 16-C16 in figure 6.4), but we have
shown that the HgF branch (C-C16 branch) is stable, and they are connected at the C16 point.
So we question the stability of point C16. Moreover, the Elastica also passes this state in the
wall-attached configuration, in which case it is no doubt stable. Regarding this, we selected three
different configurations for the wall confinement, see figure 6.16, and analyzed the stability for each
setting. Recall that the stability index of buckling mode 3 is 2, which means that the projected
Hessian matrix has two negative eigenvalues (and hence two unstable directions), from which we
deduce that mode 3 is unstable in the complete absence of contact. Adding walls that do not
apply any force to the mode 3 Elastica is equivalent to blocking some variational directions, and
the admissible space becomes a cone. Therefore, we need to find the smallest eigenvalue in the
cone to determine the stability.

We again applied both the optimization method and the enumerating method, and the results
show that the 2U1L setting is stable, which means that the cone constraints have killed both of
the two unstable directions. Additionally, the optimum found by the optimization method is the
same as the minimal eigenvalue found by the enumerating method. It is actually the HgF/PtC
transitional state in the wall-attached configuration, and theoretically proves the stability of this
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state. In addition to that, we remark that the walls stabilize the system even without any force
from the walls acting on the Elastica. In fact, this is not only the case for mode 3 buckling state.
To arrive at any higher buckling modes, one can add external supports, see for example Fig. 10.6
Preventing a column from buckling in a lower mode in section 10.1 of Bedford and Liechti, 2020.
No force is given by these supports, but they constrain the admissible space and thus stabilize the
system in its (otherwise) unstable modes.

For 2UOL and 1U1L settings, both methods show that they are unstable. Moreover, as the
eigenvector related to a negative eigenvalue is actually a variational direction in which the energy
of the system decreases, we show the variations together with the initial state in figure 6.17. For
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0.0 eSSy ot — et
0.0 0.2 0.4 0.6 0.8 10 00 0.2 0.4 0.6 0.8 1.0
(a) Setting 1U1L
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

(b) Setting 2UOL

Figure 6.17: The two unstable variational directions for the settings 1U1L and 2UOL.

each setting, there are two variational directions in which the total energy of the system decreases.
And it is equivalent to say that there are two negative eigenvalues, which is the same as the original
mode 3 state without walls. With that, we remark that constraining the admissible space does not
necessarily reduce the degree of instability.
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6.6 Conclusions

In this chapter, we have discussed the confined Elastica problem with a slightly different boundary
condition: the clamped ends of the Elastica are fixed midway between the walls. Compared to the
previous chapter, here we focused on the force responses and on the stability at the early stages
of deformation.

With the arch solutions, we first predicted the bifurcation diagram, and it was verified by the
IPOPT simulation.

Then, we introduced a new way to model the wall constraints, the soft wall model. We then
investigated how the ‘soft wall’ model converges to the ‘hard wall’ limit by decreasing the soft
wall parameter b. This model not only gives the stable equilibria, but also the unstable ones, and
the stability can be determined easily with CasADi. Thanks to the results of the soft wall model,
we have a more comprehensive view of the confined Elastica problem, especially the richness of
equilibria and bifurcation branches. We also recovered the ExtC and HgF branches of the wall-
attached configuration, and proved them to be stable in the discretized soft wall model.

Next, a global cellular model was given to predict the general force responses of the system. It
is similar to the global cellular model of the wall-attached configuration, but it takes into account
the inhomogeneity by adding boundary cells (Cell 1) to the repetitive cells (Cell 2). The solutions
of this cellular model proved to be well consistent with the IPOPT simulations, especially when
the number of Cell 2 is an integer. We also applied the von Karman approximation to the cellular
model, and obtained explicit expressions of the general force responses as functions of displacement
A and wall distance 2a.

In the last part, we focused on the stability analysis of the ExtC and HgF branches. The
solutions used for stability analysis are obtained by the SQP /active-set method, which finds the
active inequality constraints in an exact way. With that, the HgF branch is proven to be stable
except for the snap-back part. As for the ExtC states, considering the presence of the weakly active
constraints, we introduced the Pareto eigenvalue problem, which requires finding eigenvalues of a
matrix in a subspace defined by inequalities (a cone). Inspired by the Pareto problem, we give two
methods to determine the stability of equilibria with both strongly and weakly active constraints.
With this method, the ExtC states of the discretized system are found to be stable. We also
discussed the stability of mode 3 at the touching limit with different wall settings, showing more
cases to which our methods can be applied.

Further investigations can be carried out, for example, into the general deformation process,
the highly deformed states, and also the stability of the continuous system.
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Chapter 7

Discussions of the confined Elastica
problem

In this chapter, we discuss the differences and similarities between the wall-attached and the
centered configuration of the confined Elastica.

In figure 7.1, results of the total system simulations are shown together with the predictions of
different cellular models. Two different wall heights are chosen, figure 7.1a shows the results for
H = 0.1, while 7.1b shows the results for a much smaller wall distance H = 0.01. For both cases,
the horizontal and vertical force responses are presented as functions of Ho(A)/H, where Hy(A) is
the maximum vertical flexion of the Planar Elastica without contact. It is similar to Ha that was
described by (5.10), but here we introduce a higher order term to have a better approximation of
H()(A), with

Ho(A) ~ %\/E—OQA\/Z (7.1)

Apart from the results and predictions shown in the figures, there are also the explicit expressions
from the von Karman approximation of the global cellular models, see section 5.6.2 and 6.4.1. We
will also use these solutions to interpret the observations from the figure.

Recall that H is the wall distance, which is related to a in the centered configuration with
H = 2a. In both configurations, the force responses P and F', and the number of cell/fold depend
only on the ratio VA /H. Therefore, the behaviors of the two configurations can be easily compared
at the same VA /H. We use the subscript wall and center to respectively mark the responses of
the wall-attached and centered configuration.

7.1 System evolution

From the chapter of the wall-attached configuration, we already know that the HgF-PtC transi-
tional point is at integer values of Hy(A)/H, which is again found in the figures. The number
Hy(A)/H may then be interpreted as an approximation of the fold number N ~ Hy(A)/H. As
for the centered configuration, we observe a similar jagged pattern except that the period is about
half that of the wall-attached configuration.

Please note that the repetitive patterns are related to the fold number N of the wall-attached
configuration and the Cell 2 number M of the centered configuration.

Due to the geometry difference between the two configurations, the relation between the fold
number N of the wall-attached configuration and the cell 2 number M is ambiguous. However, some
insights can be gained from the definition of the vertical force response F. We have F' = 2N f for
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Comparing centered and wall-attached configuration (a = 0.050, H = 0.100)

Horizontal force P H? Vertical force F H?
5
10.0 1 Centered
Wall-attached
754 Center cell
Wall cell
5.0 - PtC-ExtC
ExtC-HgF
HgF-PtC
2.5 1 g
0.0 1
0.0 0.5 1
Ho(A
H

(a) a=0.05, H=0.1

Comparing centered and wall-attached configuration (a = 0.005, H = 0.010)

Horizontal force P H? Vertical force F H?
= 0.10

®  Centered

®  Wall-attached
—— Center cell
0.06 7 —— Wall cell
—-= PtC-ExtC
ExtC-HgF

0.08 1

0.04 1

0.02 1

(b) a=0.005, H = 0.01

Figure 7.1: Comparing force responses between the wall-attached configuration and
the centered configuration. The results of the total system simulation, the predictions
of different cellular models are presented together on the diagrams. Considering the
remarkable hysteresis phenomenon when the wall distance is small, data for both

loading and unloading simulations are shown for the second case.
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the wall-attached configuration and F' = f; + M f5 for the centered configuration, which indicates
a correspondence between M + 1 and 2N.

We further investigate M and N with the von Kérman approximation. For a given ratio
VA/H, we have N = 0.62v/A/H = (0.62v/A)/(2a). Replacing vA/a in the expression of M, we

find
M +1.101 = 0.624 0626+<2)2N2—2N1/1+0'06~2N (7.2)
R ' 0.62 B Nz T '

This not only proves the correspondence between M + 1 and 2N, but also indicates that for a
given value of VA J/H, M +1 is approximately equal to 2N, and this is coherent with what can be
observed from the results of the total system simulations.

7.2 Force responses

Globally speaking, the values of the forces in both configurations are in the same range. All the
simulation results stay between the predictions by ExtC-HgF cellular model and the HgF-PtC
cellular model. One can deduce that the force responses for other fixation heights also stay inside
these two limits.

For both configurations, the force minima are at the transitional points where NV or M increases
by one. The forces minima of the centered configuration are all larger than those of the wall-
attached configuration. More precisely, the simulation data of the wall-attached configuration
touch the HgF-PtC cellular model prediction, but the results of the centered configuration always
stay above.

As for the global cellular models for the two configurations, the predicted force responses for the
centered configuration are larger than those of the wall-attached configuration. But the difference
is not very large, and is smaller when the wall distance is smaller. This can be explained using the
von Karmén approximations of both cellular models, from which we have

A [ A

which means that for a given value of VA /H, the horizontal force predicted by the global cellular
model of the centered configuration is always larger than the wall-attached configuration, but the
difference is not very large because the order of P is around 10? to 103, and the order of VA /H is
around 1 to 10. Moreover, multiplying this expression by H?, we see that the difference decreases
as H? when H decreases, which is what is observed in figure 7.1.

Similar comparison can also be applied to the vertical force F' and the energy, and we found that
the centered configuration has larger F and higher energy for the same VA /H, but the difference
is not large.

From the force response comparison, we conclude that the inhomogeneity introduced by the
centered configuration leads to a slight increase in the force response, but the values still stay in
the same order of magnitude.

7.3 Universal prediction of the cellular models

In figure 7.1, we presented the force responses as functions of Hy(A)/H, and have observed that for
a given value of the wall distance H, the results of both configurations stay between the ExtC/HgF
and HgF /PtC cell predictions.

Indeed, this feature can be extended to a universal prediction of the force responses. In section
5.6.3, we presented the self-similarity of the cellular models for the wall-attached configuration.
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The self-similar solutions only depend on A, and can be transformed to any given wall distance
H.

Thanks to the self-similarity, the quantities P H? and F H? of the self-similar cellular models
only depend on A, which means that these solutions are universal. Furthermore, not only do the
simulation data of the wall-attached configuration follow the predictions of the cellular models,
but also the centered configuration. In figure 7.2, we show P H? and F H? given by the self-
similar solutions as functions of A, together with simulation data of the wall-attached and centered
configuration at different wall distances H.

Horizontal force PH2, different a and H vertical force FH3, different a and H
5
e a=0.050 e a=0.025 a=0.020 By
H=0.100 H=0.050 H=0.040 WA
L7
44 e
.~l./f'- 1
(71 s
. NN
31 — wall cell R 7 ard
—-~ PtC-ExtC /
----- ExtC-HgF Ry ar: .
>4 === HgF-PtC B 2 o
1 7 y 3 .l .
} T T T T T 0 +=
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.00 0.30
A

Figure 7.2: Cellular models: the universal limits of the force responses

All the data are well enclosed by the self-similar solution of the wall-attached cellular models,
which proves our analysis, and we can conclude that these curves are generally relevant to the
confined Elastica problem with clamped boundary conditions.

7.4 Conclusion and perspectives of the confined Elastica in gen-
eral

In this chapter, we mainly discussed and compared the force responses of the wall-attached and
centered configurations.

Based on the IPOPT simulations, we observed similar repetitive patterns in the force diagrams,
but the two configurations have different changing periods. Additionally, the magnitude of the force
responses is slightly different. These observations are rationalized when using the von Karman
approximations of both global cellular models. Most importantly, for both wall-attached and
centered configuration, we found that the range of the force responses stays between the ExtC/HgF
and HgF /PtC cellular models of the wall-attached configuration. Moreover, thanks to the self-
similarity, these predictions were generalized to any given wall distance H.

All these observations and analysis partially reveals the behaviors of the confined Elastica in
general. But there still remains many different aspects for further investigations, for example, how
the deformation process changes with the fixation position, including the changing period of the
force responses and the geometry of the system.
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Liquid-solid packing
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In part I, we examined the behavior of an inextensible slender beam (Elastica) confined be-
tween rigid walls. Under solid confinement, the Elastica developed into ordered folds and exhibited
characteristic force responses that could be described using self-similar and cellular models. These
studies highlighted the essential role of geometry and boundary conditions in determining packing
patterns.

Packing phenomena, however, are not restricted to solid confinements. In many natural and
synthetic systems, confinement arises from liquid interfaces, where surface tension provides the
dominant restoring force. At small scales, capillary forces can exceed elastic resistance, giving
rise to the so-called elasto-capillary effects. When slender structures are captured or constrained
by liquid interfaces, they undergo packing behaviors that are qualitatively different from those
observed under rigid walls.

This part of the thesis focuses on such liquid—solid packing problems, exploring how flexible
structures interact with deformable liquid boundaries. Two representative systems are studied.

Chapter 8 investigates the coiling of a flexible fiber around a liquid drop, a phenomenon inspired
by the natural windlass mechanism of spider silk. Experimental studies (Elettro, 2015; Elettro et
al., 2016) demonstrated this effect in both biological and synthetic systems, while theoretical
models have analyzed it in two and three dimensions (Elettro, Grandgeorge, and Neukirch, 2017;
Elettro et al., 2015). Here, we implement a two-dimensional numerical model using CasADi and
IPOPT, considering both rigid and deformable drops, in order to characterize the influence of
surface tension and interface geometry on fiber coiling.

Chapter 9 addresses the case of a fibrous elastic membrane saturated with liquid, inspired by
the experimental observations of Grandgeorge et al. (2018). In this system, surface tension domi-
nates the global behavior, leading to responses reminiscent of soap films, while local confinement
produces wrinkling and phase-transition-like patterns under compression. To capture these effects,
we propose a two-dimensional model in which an Elastica is trapped inside a liquid layer, assuming
translational invariance along the third dimension. Numerical simulations and theoretical analyses
are used to describe the deformation process and to explore the analogy with phase transitions.

Through these two examples, Part III extends the classical framework of packing from rigid
to liquid confinements. The results highlight both the similarities and the qualitative differences
between solid—solid and liquid—solid systems, emphasizing the role of capillarity as a soft but
effective confinement mechanism.
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Chapter 8

Drop on a fiber

In nature, spiders are well-known for their ability to capture their prey with a web of silk. The
spider silk has remarkable mechanical properties such as good ductility and high tensile strength.
It was observed that the circumferential ‘capture’ threads in webs of spider Araneus diadematus
can be contracted to less than 5% of the original length without slouch, and in the study of Vollrath
and Edmonds (1989), this remarkable elasticity is explained by the thin layer of aqueous glue of the
capture threads. This liquid layer induces packing of the silk by surface tension, and the viscosity
further provides damping energy when the web is under shock.

With that we introduce the elasto-capillary coiling, which is induced by the surface tension
difference between air-fiber and liquid-fiber interfaces. This difference yields a capillary force
acting on the part of the fiber inside the drop. When the compression force due to capillarity is
large enough, the fiber buckles and coils inside the drop. From an energetic point of view, the
coiling of the fiber reduces the surface energy and increases the bending energy. If the reduction
can compensate for the increase, then coiling occurs. Thanks to the windlass, the extra coiled
structures serve as a reservoir and leads to the super-stretchability of the system.

Figure 8.1: Nephila capture
silk coiling inside liquid glue
droplets. Reproduced from
Elettro et al. (2016).

The experimental study of Elettro et al. (2016) reproduced the elasto-capillary induced windlass
with natural spider silk (see figure 8.1) and also synthetic thin threads. Later, the synthetic system
is scaled up by Grandgeorge (2018) (see figure 8.2). Additionally, a simplified 2D model is proposed
to predict the behaviors of the drop-fiber system theoretically (Elettro et al., 2015). In this model,
the fiber is assumed to be a disk, and a soft-wall potential (see section 6.3) is used to prevent the
rod from exiting the liquid confinement. Elettro, Grandgeorge, and Neukirch (2017) then extended
the 2D model to 3D. In both 2D and 3D models, it is shown that different coiling configurations
exist, and bifurcation curves for the system are computed. Other studies include Schulman et al.
(2017), in which experiments were carried out with microfibers and liquid droplets of different
sizes, and a minimal model is given to estimate the winding threshold. In another experimental
study, Barber et al. (2020) used flexible polymer-based ribbons to modulate interfacial interactions
with liquid droplets, and discovered flagellum-like structures in addition to the wrapping. In a
more recent study, Chen and Zhang (2022) proposed a numerical method which couples the lattice
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A Water bath

Silicone polymer fiber / ‘ \

//
3mm : < Silicone oil drop

¢

Figure 8.2: Silicone polymer fiber coiling inside a silicone oil drop, while the whole
system is immersed in a water bath. Reproduced from Grandgeorge (2018).

model and many-body dissipative particle dynamics to simulate the elasto-capillary simulation.
With this method, they succeeded in simulating the coiling of a flexible fiber around a droplet.

In this chapter, we implement numerically the drop-fiber system in 2D with CasADi and
IPOPT. The interest of our implementation is that the inequality constraints of confinement can
be applied directly by the optimizer instead of a soft-wall potential. Firstly, the drop is simplified
as a rigid disk, and then we allow the liquid interface to deform. Different system parameters will
be introduced, and their effects will be discussed. We will also study the behaviors of the system
in general, in order to have a better understanding of the elasto-capillary effects and packing
phenomenon for the liquid confinement.

8.1 Disk-like drop

In this section, we present a 2D model for a drop-fiber system in which the drop is assumed to be a
rigid disk. In 2D, the fiber can be considered as an Elastica as in part II. The fiber is inextensible
with length L and bending stiffness B (with unit N -m in 2D). The radius of the disk drop is R,
and the surface tension of the liquid-vapor, solid-vapor, and solid-liquid are respectively vrv, vsv
and 7ygr. The gravity is neglected in the system. An illustration is given in figure 8.3.

8.1.1 Geometry and modelization

The drop is described by its center (z.,¥.), and its radius R. The left end of the fiber is at the
origin, and the right end is controlled by displacement AL. We separate the fiber into three parts.
The middle part is inside the drop with length £, and the other two parts are of the same length
((L —¢5)/2), situated on the left and right sides of the drop.

The geometric variables of the fiber are functions of s, the curvilinear coordinate. They are
ksi(8), Osi(8), xsi(s), and ys;(s), which are respectively the curvature, the flexion, the horizontal
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mes Fibre (Outside)
=== Fibre (inside)
e |iquid-vapor interface
x=L>
AL X

Figure 8.3: Simplified system: drop coiling inside a circular rigid drop.

and vertical positions of the part 7. These variables are related by the differential equations
0,(s) = rsi(s) 7l () = cosbg(s) yh;(s) = sin () i=1,2or 3, (8.1)

s € ]0,11] for the first part, s € [l1, 2] for the second part and s € [lo, L] for the third part, where

li =L—1ly=(L—4s)/2 and ly — I} = ;5. The three parts are related by the following matching
conditions at each intersection:

Os1(11) = Os2(l1) rs1(l1) = ws2(l1) ys1(l1) = ys2(lh) (8.2a)
Os2(l2) = Os3(l2) rs2(l2) = ws3(l2) ys2(l2) = ys3(l2) (8.2b)
And the boundary conditions are

051(0) = 0s3(L) = 0, 251(0) = y51(0) = ys3(L) = 0, zs3(L) = L — AL. (8.3)

To confine the beam inside a disk-like drop, we add the following geometry conditions
(za1(l) — 2e)* + (ys1(lh) — ye)? = R? (8.4a)
(zs52(s) — $C)2 + (ys2(s) — yc)2 <R’ s € [l1, o] (8.4b)
(zs3(l2) — ze)? + (ys3(l2) — ye)? = R? (8.4¢)

Formulation from the energetic point of view The total energy of the system consists of
the surface and the elastic energies, which are

gsurf =27R YLv + 2€s YsL + 2(L - ‘gs) YSV, (85&)
I B lo B L B

Eelas = / *Klil ds + / *K,§2 ds + / *Ii§3 ds. (85b)
0o 2 I 2 lo, 2

Under the geometric ‘rigid’ assumption, the shape of the disk drop does not change, and the term
2m R~y in the surface energy 8.5a is a constant. Moreover, the total length of the fiber is constant,

thus the only variation of the surface energy is actually 2(ysz, — vsv)fs. To simplify the notation,
we write

Ay =2(ysv —7sL) (8.6)

which has to be positive for coiling to occur. Finally, finding the form and responses of the system
involves minimizing the energy

g(fw ’isi(s)a ‘932'(5)7 Cﬂsi(s)a ysi(s)) = Eelas — Ay Ls (87)
under conditions (8.2), (8.3), and (8.4).

123



CHAPTER 8. DROP ON A FIBER

Non-dimensionalization We can adimensionalize the system with a length unit and a force
unit, here we chose R and B/R respectively.

As opposed to problems involving only an Elastica, here we have the additional parameter A~,
related to the drop. Applying the non-dimensionalization, we have

Ay R?
B )

Ay = (8.8)
which compares capillarity and elasticity. A large value of A4 means that the capillarity is strong,
and the coiling of the Elastica inside the drop is favorable energetically.

The dimensionless system of equations can also be directly recovered by setting R =1 and B =
1 in the original system, and please note that the parameters and variables are all dimensionless
in the following sections.

8.1.2 Numerical implementation and solving

As in other problems involving the Elastica, we discretize the system using Super-Helices and the
mixed formulation, and the implementation is effectuated with IPOPT and CasADi in Python.

There are two main differences with the confined Elastica problem studied in part II. The
first is, evidently, the constraints of the liquid confinement, and the second is that the Elastica is
divided into three parts of varying lengths. The confinement condition can be achieved by writing
the discretized version of (8.4). As for the varying parts, we use the same method as in the flexible
sliding sleeve problem, see appendix D. Suppose the number of discretized segments for each part
are respectively N1, N, and N3, the discretized system given to CasADi and IPOPT is

Ni—1 No—1 N3—1
min Y- 5 () (5] + > 5 () (5)+ > 5 (sh) (5) - aae.
(8.9a)
subject to Constraints of boundary conditions, mixed formulation, and confinement
0% = (95]\;3 =0, 2% =0, xé\é‘"’ =L-AL, 3% = yé\é?’ = 0; (8.9Db)
N N N
O =00, T3 =20, Ya' = Ui (8.9¢)
N: N: N:
6522 = 9237 Is22 = .17(8)3, y322 = y837 (89d)
2 2 2 2
(2% —we) + (v —we) =1 (e —ae) + (¥ —u) =15 (8.9¢)
; 2 ; 2 ,
(zh2—ze) + (vha—9e) <1, ¥i=1,2,.,Np—1. (8.9f)

Given parameters are A and L, and the discretized system is solved by the continuation
method with control parameter AL.

The focus of the analysis is the coiling part, and we observe that, except for the part inside the
drop, the Elastica only deforms within a small range near the drop. Hence, the system actually
depends on the controlled displacement AL rather than the original total length L. Practically,
the value of L is chosen such that the Elastica keeps straight near the left and right ends during
the whole simulation.

As what has been presented in 5.1, we have access to the values of Lagrange multipliers in
addition to the variables. In the problem of coiling fiber inside the liquid cavity, the tension T
(see figure 8.3) is the Lagrange multiplier of the constraint related to the displacement control
x(L)=L— AL.
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8.1.3 Results and discussions

In the study of Elettro et al. (2015), the system is solved with differential equations derived with
a variational method based on the continuous energy (8.7) with constraints, thus both stable
and unstable solutions are found. With the optimizer IPOPT, we only find stable solutions,
corresponding to local minima of the total energy of the system. We found in some simulations
that the system is multistable, and the actual solution found by IPOPT depends on the parameters
of the solving process, which is similar to what is explained in section 5.1 for the confined Elastica
problem.

In figure 8.4, we show the results of two simulations with the same system parameters (Ay = 5),
but different solving parameter mu_init. In both simulations, we first decrease (AL 1) then in-
crease (AL |) the distance between the two ends. Hysteresis is observed, indicating the existence
of energy dissipation during a loading cycle. Please remark that it is different from the energy
dissipation due to the viscosity. Axisymmetric and point-symmetric configurations are respec-

horizontal force reation T Elastic energy

5 A * 12.5 %
% e g
4- 10.0 -
*
7.5 - * |
3_
5.0
2-/* 2.5 1 /’
T T T T T T 0'0_ T T T T T T
0 2 4 6 8 10 0 2 4 6 10
AL AL

® AX (mu_init=10"1) AL 1

AX (mu_init=10"1) AL {

PT (mu_init=10"%) AL T

Form of the system

PT (mu_init=10") AL {

*o-000oe

eo0ooe
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Figure 8.4: The axisymmetric and point-symmetric configurations. (Ay =5)

tively observed in these two simulations. The one with point-symmetric configuration is found by
setting mu_init=107%, while the axisymmetric configuration is found by using the default value
mu_init=0.1. Indeed, the contraction branch of the point-symmetric simulation sticks to the lower
branch until a larger value of AL. But we remark that a larger value of mu_init does not ensure
finding the axisymmetric solutions. Since the elastic energy of the axisymmetric configuration
is larger than the point-symmetric configuration, the system tends to adapt the point-symmetric
configuration, and it is especially the case for large values of A~.

In figure 8.5, we show the solutions of simulations with different A~y. When A~ is large,
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the capillary effects are more pronounced. As a consequence, the bending related to the liquid
interface at the triple point is larger, making the system less likely to stick to the initial buckling
regime or pass to the axisymmetric configuration, hence the system jumps to the point-symmetric
configuration at a smaller value of A-~.

T/(Ay —0.5)

1.2

1.0

0.81/

0.6 {7+

044§

0.0 0.5 1.0 15 2.0 0 10

AL=0.5 AL=1.5

Ay=5
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el elele

Ay =20
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Figure 8.5: Results of simulations with different values of Avy. Each simulation in-
cludes increasing and decreasing AL process. Horizontal force reaction T is presented
with different scalings. The analytical approximations are calculated with the expres-
sions from Elettro et al. (2015). Five values of AL are chosen and marked in the force
diagrams with red lines, and we show the form of the system related to solutions on
the decreasing AL branch.

The force diagrams are presented with different scaling in figure 8.5, with the purpose of
showing how A~ affects the different stages of the deformation. The first plot shows the initial
stage of the deformation, including the initial buckling stage. We compare the simulation data
with the predictions from Elettro et al. (2015) obtained by asymptotic analysis. The data and the
prediction are in good agreement, proving the validity of the numerical implementation.

After the buckling stage, the fiber touches the drop interface and the force T" reaches a peak
and then decreases with respect to AL. From the second and third force diagrams, we see that T
scales with AL during this stage. As T continues to decrease, at one point the fiber deforms into
an ‘S’ shape and the force T increases. We call this stage the transitional stage.

When AL > 6, the horizontal force reaction 1" reaches a plateau. During these two stages, T
is nearly a translation of A+, the four curves nearly superimposed in the diagram T — A~. The
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observations from the forms of the system can indirectly explain the dependency of A~.

When the force curve reaches the plateau, each additional insertion of the fiber leads to more
coils around the periphery of the drop. For this reason, we also call this stage the coiling stage.
At this stage, the values of T is approximately Ay — 0.5 for all values of Ay. We can explain
this value by estimating the energy variation. Supposing 6L is the length variation of the inserted
fiber, then the variation of the elastic energy is approximately x2/2JL, and the curvature of the
additional fibers is approximately the same as the disk drop, that is Kk = 1/R = 1. The work of T
is T 6L, and the variation of the surface energy is —A~ dL. Balancing these three terms, we find
T = A~ — 0.5, which confront the simulation data.

We conclude from the results and observations of the disk drop configuration that the dimen-
sionless parameter Ay (8.8) measures the capillary effects of the surface tension with respect to
the elastic effects of the fiber. When the value of A~ is large, it is more energetically favorable for
the fiber to coil inside the drop, and it also reflects in the angle 8, at the triple point.

Although this model is in 2D and does not confront the 3D settings in real life, it still demon-
strates behaviors similar to the elasto-capillary coiling observed in experiences, for example, the
different stages of deformation (Elettro et al., 2016). Additionally, the solutions of our simulations
prove the feasibility of modeling the liquid-solid packing problem using a discretized optimization
problem formulation.

In the next section, we stay in two dimensions but allow the drop to be deformable, and the
numerical implementation is extended to adapt to the deformable interface.

8.2 Deformable drop

In the last section, we showed that it is possible to formulate the problem of the fiber coiling inside
a circular drop as a discretized optimization problem and implement it using CasADi and TPOPT.
We can further remove the geometric assumption of the rigid disk for the drop, and allow the drop
to be deformable. The system of the fiber and the deformable drop is shown in figure 8.6. The

Figure 8.6: Drop coiling on a deformable drop

material properties are described with the same symbols as for the rigid-disk drop, and here the
gravity is also neglected.
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8.2.1 Description of the drop and formulation of the problem

The description of the fiber keeps same as in the disk drop case, and here we only present the
description of the drop.

As in the example of the hanging drop in section 1.6, the interface of the drop is described using
the variable o € [0,1] which is the reference curvilinear coordinate. The unknowns functions are
(0j(0j),xj(0j),yj(0j)), where j = u for the upper interface and j = [ for the lower interface. The
length of the upper and lower interfaces are unknown, and we note them ¢,, and ¢;. The variables
are related by

dj _ z;'(0;) = £ cosb;(c0;j), % =y;'(cj) = {;sinb;(o;), oj €[0,1] and j = w or [.

’ (8.10)
At the triple points, which are the two ends of the second part of the fiber, the upper and lower
interfaces are connected together, thus we add continuity conditions

do;

24, (0) = 21(0) = z52(l1), Y, (0) = y1(0) = ys2(ly) (8.11a)
2y (1) = 21(1) = z52(l2), Yu(1) = y1(1) = ys2(l2) (8.11b)
And the volume of the drop is
1 1
%4 :/ Yy cos(0y,) Lydoy, —/ y; cos(0;) ydoy (8.12)
0 0

To relate the deformable drop to the rigid-disk drop, we assume that V = wR2, where R is
equivalent to the radius of the disk drop.
The surface energy of the system is

gsurf =YLV (gu + gl) + QESPYSL + 2(L - Es)’YSV- (8-13)

While the term Lvygy is still a constant, the surface energy related to the liquid-vapor interfaces
is now variable. We again use the symbol A~ as in (8.6).

Constraints of the liquid confinement Because the liquid interfaces are now deformable, the
conditions (8.4) are not applicable anymore. Theoretically, we can express the confinement by

Yu(ow) > ysa(s) > yi(oy),  with x,(0y) = xs2(s) = x1(07). (8.14)

However, this formulation is not practical for further analysis. For the numerical implementation,
the liquid confinement condition will be reformulated.

Formulation from the energetic point of view Similar to the case of the disk drop, the
problem can be written as a constrained optimization problem:

min = Eegs + (Cu + 0)vLy — Ay Lls,  Eelas is given by (8.5b)
subject to Differential equations of the geometry (8.1), (8.10)
Continuation conditions (8.2), (8.11) (8.15)
Boundary conditions (8.3) '
Volume condition V = 7R?

Liquid confinement conditions
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The initial stage of deformation Suppose initially the fiber stays straight, and we focus
on the shape of the drop. Using energy minimization as in section 1.6 or the method of force
balance, we can find that the upper and lower interfaces are circular arcs, symmetric with respect
to the horizontal and vertical axes. Therefore, we have 6,,(0) 4+ 6;(0) = 0, 6,,(0) + 6,(1) = 0 and
0.(1) + 6;(1) = 0, and also

0;(1) — 6,(1
A~ = 2vyry c0s6,(0) = 2yLy cos <l()2u()) (8.16)
Recall that in the example of the simple drop on a substrate, the Young-Dupré law indicates
A~ = vy cos by, where 0y is the angle at the intersection of liquid interface and the floor. The
relation (8.16) is a modified version of the Young-Dupré law.
From the constant volume of the drop, we can also derive the initial length of the liquid cavity

s

2y (1) — 24(0) = 2R sin 00\/2(00 ~cosO.5m0,)’ with 6. = 6,,(0). (8.17)

Non-dimensionalization Similar to the system of rigid-disk drop, we also adimensionalize the
system with the length unit R and the force unit B/R? and, in the following, all variables and
parameters are dimensionless.

8.2.2 Discretization and numerical implementation

In the deformable-drop case, the discretization of the Elastica is the same as that in the rigid-drop
case. For the liquid interfaces, we use the rod discretization scheme, meaning that the angle ¢;
(j = w or l) is constant per segment. A more detailed description of the liquid interface can be
found in section 1.7.1.

As we apply the optimization method to the discretized system, the conditions are actually
transformed into non-penetration conditions (3.10), which were described in section 3.2.1. The
discretized interfaces serve as the reference segments (segment B1Bs in equation (3.10a)), and the
nodes of the Elastica (equivalent to the node A; in equation (3.10a)) is set to stay on one side of
the interface segments. More precisely, we define the confinement matches, relate each node of the
fiber to the closest segment of the upper interface and also to that of the lower interface. The node
is then set to remain always at the same side of the segment. To ensure the convergence, several
other segments next to the closest segment can be added into the non-penetration condition.

Given a set of parameter (yry, Ay, L), the simulation begins with a weakly deformed stage (a
small value of AL) and an approximation of the initial solution, we use the continuation method
with control parameter AL. The algorithm goes as follows:

Algorithm of the liquid confinement:
Initial: starting from a small AL and the initial state, set the confinement matches.
for each given AL; (AL increases gradually):
Initiate optimizer with the solution of the previous step
Apply the equality constraints and the confinement constraints
Solve the system
Detect if all the fiber nodes of the second part stay inside the drop
Repeat if any node of part two is outside the drop, or the iteration number reaches max:
Reset the confinement matches
Apply the equality constraints and the confinement constraints
Solve the system
Reset the confinement matches
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8.2.3 Results and discussions

Please recall that the behaviors of the system depend on the (nondimensionalized) parameters
vrv, A7y and AL, the last one serving as the control parameter in a simulation. With that, we
conducted several simulations with different parameters values. In figure 8.7, simulation solutions
with different values of Avy/vyry and the same value of A~y are presented. In figure 8.8, it is the
value of A~v/~ry that is kept the same, and the value A~ which varies.

Following the analysis of the disk drop, we show the variation of the horizontal force reaction T'
as a function of AL. Physically, T is the externally-applied tension on the fiber at, and numerically
it is given by the Lagrange multiplier of the displacement control constraint on z(L). Please
remark that tiny jagged patterns can be observed on the force reaction curves. This is due to the
discretized non-penetration condition, and can be smoothed by using finer discretization or higher
order non-penetration conditions (Crespel et al., 2024).

cos[(8,4(0) —6,(0))/2] Horizontal force reaction T
0.6 , : :
e o o yoeed 10 1
041 ® Aylyy,=1.00 | g
’ Aylyiv=0.50

P 0 A i 1 o B A il i i ® Ayly=025 | ¢ | ]

——— ey = N == Ay/(2yLy) e Disk drop Ay=10
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Figure 8.7: Results of simulations for the deformable drop with Ay = 10 and differ-
ent values of Avy/vyry. (Top-left) Computed ‘contact’ angle and comparison with the
prediction from Eq. 8.16 plotted in dashed-black lines. (Top-right) Reaction force T,
with the results of the rigid-disk drop plotted in gray for comparison. Five different
AL are chosen, marked by the red lines in the force and angle diagrams. (Bottom)
The forms of the system are shown below, compared with the rigid-disk solutions in

gray.

Aylyy

Ay/yy=0.50
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In figure 8.7, we show the drop angle and the tension T as functions of AL. In the force diagram,
we also show the rigid-disk drop results. Below the diagrams, the forms of the system for each
simulation at five different values of AL are presented with the rigid-disk drop solution in gray for
comparison.

In the preliminary theoretical analysis, we found that Avy/yry determines the contact angle of
the drop, and the contact angle is predicted to satisfy (8.16) at the initial stage of deformation.
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The values of contact angle 0,,(0) and ;(0) are estimated with
0;(0) ~ (307 — 6])/2,  (j=worl) (8.18)

where 0;-) and 9]1- are respectively the discretized flexion angle of the first and the second segment.
From the angle diagram, the curves of the numerical solutions join the prediction lines at AL = 0,
and then stay around the prediction for larger displacement. This is coherent with the theoretical
prediction, indicating the value of A~y /vy affects the contact angle of the drop. When Av/(2vry)
tends to zero, the contact angle tends to m/2, and the behaviors of the system are more similar to
the disk drop case. Conversely, when the value of A~y/(2yry) approaching one, the drop becomes
flatter. When the value exceeds one, the solid surface is lyophilic, and the drop will spread on the
surface.

Comparing the results of the deformable drop and those of the rigid-disk drop, we see differences
at each stage of deformation, especially the initial buckling stage and the final coiling stage. At
the initial buckling stage, drops with a smaller contact angle buckle with smaller tension 7', and
the peak point is anticipated. This is because the drop is longer and narrower; thus the length of
the fiber initially covered by the drop is larger, and a smaller middle point displacement is needed
to touch the interface. During the coiling stage, the rigid-disk drop has a constant value of T'. But
for the deformable drop, the value of T" sinuates, and the amplitude is larger for drops with smaller
contact angles. Detailed discussions about the coiling stage can be found later in this section.

Figure 8.8 presents the solutions with the same A~v/~ry and different values of Ay. We choose
A~ /~vpy = 1, arelatively large value, such that the contact angle is small, and the solutions diverge
more from the rigid-disk drop case.

From the results of the rigid-disk drop, we know that A~ is related to the capillarity effects, the
fiber is more likely to coil inside the drop when A+« has large values, and this affects the inclination
of the fiber at the triple points. For the deformable drop, these effects retain. Moreover, in the rigid-
disk drop section we have mentioned that it is more likely to obtain axisymmetric configurations
for small values of Ay, and this is also the case for the deformable drop. The solutions of Ay =5
presented in figure 8.8 have indeed the axisymmetric property. For the same value of AL, the
axisymmetric configuration has higher elastic energy than the point-symmetric configuration. For
larger A~y values (Avy = 10,20,40), the T'— A~ curves almost superimpose as soon as the fiber
deforms into point-symmetric configurations, and then the system enters the coiling stage. From
the forms of the system shown below the diagrams, we observe that after the fiber adapts the
point-symmetric configuration, there is little difference between the geometry of solutions with
different A~y at a given value of A. These observations indicate that the variation of T during the
coiling stage is closely related to the shape of the drop, which is determined by A~y /vy .

We further investigate the coiling stage with simulations for larger values of controlled displace-
ment AL. Figure 8.9 shows three solutions of the deformable drop and one solution of the rigid-disk
drop.

In the force diagram, we present the force T'— A+~ as a function of AL/(27), and we observe
that the sinuosity during the coiling stage is periodic, and the period is approximately 2w, the
perimeter of the drop if it is circular. The deformation of the couple system is also observed to be
periodic, relevant to the variation of 7', from which we deduce that the sinuosity observed in the
force diagram is due to the non-circular shape of the deformable drop.

The solutions presented in blue and orange have the same A~vy/~ry = 1, which is the same
value as the solutions presented in figure 8.8. The force curves are superimposed at the beginning
of the coiling stage, then the blue solution, which has a smaller value of A~ elongates, and the
force curve does not vary much afterward. For the orange solution, the elongation also happens
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Figure 8.8: Results of simulations with Avy/y.y = 1 and different values of A~y. Five
different AL are chosen, marked by the red lines in the force and energy diagrams,
and the related forms of the system are shown below.
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Figure 8.9: Coiling stage. Three solutions of the deformable drop simulations with
different parameter values are shown with one solution of the rigid-disk drop case.
Four different AL are chosen, marked by the red lines in the force diagram, and the
related forms of the system are shown below.
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but at a larger value of A~. In fact, the elongation is also observed for the solution with Ay =5
in figure 8.8, so it seems that the smaller A~, the smaller the value of AL at which elongation
happens. It is possible that this elongation happens when the contact angle is small (large value
of Av/~rv). The elongated form is energetically favorable for the fiber, as the fiber is less curved
in most part, but it costs more interface energy. If the surface tension is not large enough, the
drop is not able to trap the fibers anymore, and this deformation happens.

The deformable drop solutions presented in blue and green colors and the rigid-disk solution
have the same value of A+, but the green solution has a larger contact angle (a smaller value of
A~v/~vrv). We observe again that solutions with large contact angles tend to the solutions of the
rigid-disk drop case, thus the sinuosity during the coiling stage is smoother. Indeed, when the
fiber coils in a drop with a smaller contact angle, the fiber is actually coiling around an ellipse
with larger eccentricity, thus the amplitude of the sinuosity is larger.

8.3 Conclusion for the drop-fiber packing

In this chapter, we have studied the coiling of an elastic fiber inside a liquid drop by using a
numerical optimizer solving the discretized system. Two models in 2D were proposed, and the
difference lies in the drop. For the first model, the shape of the drop is fixed to a disk, and for the
other model, the drop is allowed to deform.

After non-dimensionalization, the behavior of the disk drop model only depends on A~y (8.8)
and the loading parameter AL. A~ measures the capillary effects compared to the elastic effects,
directly related to the force reaction 7', and to the deflection angle of the fiber at the triple
point (i.e. point where the three phases meet). The simulation results show different stages
of the deformation, including the initial buckling stage, the transitional stage, and the coiling
stage. During the transitional stage, two configurations are observed: the axisymmetric and point-
symmetric configurations. When the system enters the coiling stage, the force reaction stays
constant. These results confirm the theoretical predictions, show the possibility of reproducing the
elasto-capillary coiling observed in experiments, and also validate our numerical implementations.

For the deformable drop, we mainly examined the effects given by the contact angle, which
depends on Avy/vry. A drop with a smaller contact angle has a longer and narrower shape, and
this changes the force reaction at each stage of the deformation, especially the coiling stage, in
which a periodic sinuosity was observed. The effects of Ay observed in the rigid-disk case are
retained for the deformable drop, and we further discovered that drops with small values of A~y
may deform into elongated shapes.

This problem of the elasto-capillary coiling of a fiber inside a drop helped us understand how
surface tension affects the slender structure (Elastica) and leads to the packing phenomenon. In
the next chapter, we will present and study another form of liquid confinement.
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Soaked membrane

The last chapter has shown the elasto-capillary interaction through the coiling of an elastic fiber
around a drop. This is basically the packing phenomenon of a flexible fiber inside a liquid cavity
that has the natural tendency to ‘pull’ the slender structure inside. The length of the fiber inside
the liquid cavity keeps increasing during the deformation. As more and more matter is added into
the cavity and the structure arranges itself in the most energetically favorable way, the fiber finally
coils inside the drop.

This is not the only way that a liquid cavity captures and deforms flexible structures. Here
we present another system in which an inextensible structure is totally trapped inside the liquid
cavity throughout the deformation. Even without adding materials into the liquid cavity, the
elasto-capillary interactions are still able to arrange the structure into ordered patterns. This
system is composed of a flexible porous membrane, soaked with liquid, realized by Grandgeorge et
al. (2018) with polymer fibers through electrospinning, and experimental inspections were made on
this membrane. It has been observed that the soaked membrane has extraordinary deformability.
Just as spider silk, the membrane can withstand large contractions without sagging. Figure 9.1
shows one of the experiences in which the membrane is contracted in one direction.

At the extended state (see A), the surface of the membrane is smooth. A small compression
drives the surface to adapt homogeneous wavy patterns (see B). As the compression continues
to increase, some regions exhibit more compact waves (collapsed) while other parts conserve the
initial wavy patterns (see C). For even larger compressions (see D), it is the proportion of the
collapsed regions increases, but the collapsed and wavy patterns remain nearly the same.

This deformation process is similar to the phase transition phenomenon that was described in
section 4.1. The wavy and collapsed regions are the two phases. During the phase transition, the
two phases coexist, and the change of loading causes one phase to transform into the other.

In the soaked membrane system, three ingredients play a central role: confinement by liquid
interfaces, the emergence of wrinkling, and the occurrence of phase-transition-like behavior. As in
the fiber—drop system, elasto-capillary effects generate confinement by the liquid interface; however,
the wrinkling and phase transitions observed here are distinctive features of the soaked membrane.

Wrinkling instabilities are a common response of thin plates, films, and membranes subjected
to compressive stresses. They manifest as periodic, often sinusoidal surface patterns, and are
ubiquitous both in nature and in everyday life. Examples include the folded tubular mucosa, the
gyrification of the brain cortex (Tan et al., 2020), the edge wrinkles in a lotus leaf or orchid petals
(Wang, Yang, and Xu, 2022), and the draping of hanging curtains (Vandeparre et al., 2011).

The specific morphology and evolution of wrinkles depend on the system configuration and on
the balance of internal and external stresses. When an elastic plate or membrane floats on a fluid
foundation or is attached to a much softer elastic substrate, wrinkles result from a competition
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Figure 9.1: The PAN membrane was soaked with water and compressed. From top
to bottom respectively are the macro top view of the system, zooms of the membrane
surface, and the assumed side views of the composite system. From left to right,
the compression increases, and the deformation of the membrane changes. Figure
adapted from Grandgeorge (2018).

between the membrane’s bending energy and either the gravitational potential of the fluid or the
elastic energy of the support. The earliest analyses of such systems can be traced back to Hertz
(1884) and Foppl (1897). More recently, Pocivavsek et al. (2008) and Brau et al. (2011) reported
a variety of complex patterns, ranging from monoperiodic and multiperiodic wrinkles to localized
folded states. Building on these observations, Audoly (2011) derived nonlinear envelope equations
for localized deformations using two-scale expansions, while Diamant and Witten (2011) described
the continuous progression from sinusoidal wrinkles to the formation of a single large fold.

In addition to elastic or gravitational substrates, capillarity can also generate wrinkling in thin
membranes. Wrapping, folding, and other surface patterns induced by liquid interfaces have been
studied extensively (Huang et al., 2007; Hure, 2011; Vella, Adda-Bedia, and Cerda, 2010). In
contrast, the wrinkling of the soaked membrane considered here arises primarily from confinement
by liquid interfaces. In this system, wrinkles act as surface reservoirs, enabling the membrane to
accommodate large compressive strains and to achieve remarkable stretchability.

This mechanism has analogies with biological systems. White blood cells, such as macrophages
and lymphocytes, are able to undergo large deformations despite the fragility of their membranes,
which rupture at extensions of only a few percent. Their extraordinary deformability arises from
microvilli and membrane reservoirs that unfold under stress (Lam et al., 2009). Furthermore, the
effective tension of cell membranes can be modeled analogously to surface tension (Guillou et al.,
2016). Understanding wrinkling morphologies in soaked membranes may thus provide insights into
cellular mechanics. Beyond biology, similar principles are relevant for the design of stretchable and
functional materials, including flexible electronics, soft robotics, and advanced metamaterials.

While elasto-capillary effects, wrinkling instabilities, and phase-transition phenomena have each
been studied extensively, their interplay within soaked membrane systems remains poorly un-
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derstood. This chapter investigates a theoretical model inspired by experimental observations
(Grandgeorge et al., 2018), with the aim of clarifying the mechanisms underlying deformation and
phase-transition-like behaviors in liquid-confined membranes.

9.1 Modelling and geometric description

To study the membrane-liquid system, we consider a simplified two-dimensional model, assuming
translational invariance along the third dimension.

The elastic membrane is confined between two (liquid-air) interfaces, and it is assumed to be
inextensible. Its length is denoted by L, and its bending stiffness per unit width is denoted by B.
Gravitational effects are negligible, and therefore not included in the model.

The membrane is supposed to be covered by an incompressible liquid layer, and the surface
tension of the liquid-air interface is . During the deformation, the membrane is trapped by the
liquid cavity, and does not pierce the liquid-air interface. For this reason, the difference between
the solid-liquid and the solid-air surface tension (A~ in the drop-fiber problem) does not enter the
problem formulation.

The top of figure 9.2 shows the initial configuration of the system, where the membrane and
both interfaces are flat. The upper interface is located at y = Hp, the lower one is at y = — Hy,
placing the membrane at the center of the liquid layer. Hence, the initial thickness of the liquid
is 2Hy and the liquid volume is 2HyL. Below, the deformed configuration is illustrated. The
membrane deforms under displacement control while remaining confined between the interfaces,
and the liquid volume is kept constant.

A
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s$L
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X
(Ox11) *(L)=(1-A)L
Figure 9.2: Geometry description of the membrane-liquid system. Top: initial state.
Bottom: deformed state.

The geometry of the system is described by variables which are functions of the curvilinear
coordinate s of the membrane. Variables with subscript s (solid) are related to the membrane,
and the variables with subscript u (upper) and ! (lower) describe the upper and lower liquid-air
interfaces respectively.

The functions ks(s), 0s(s), xs(s), and ys(s) are respectively the curvature, the deflection angle,
and the horizontal and vertical positions of the membrane. They are related by:

05'(s) = rs(s) zs'(s) = cos bs(s) ys'(s) = sin Os(s) s €0, L]. (9.1)

The variables of the interfaces include 0x(s), ex(s), zx(s) and yx(s), with (k = u or [). Note that
these are also functions of s, the curvilinear coordinate of the membrane. 6j(s) is the deflection
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angle of the interface, and zy(s) and yi(s) are the positions. eg(s) is the length variation of the
interface. They are related by

% = tan 6, (k=worl) (9.2a)

k

2 (5) = % = (1 + ep,) cos Oy, (9.2b)
S

b(5) = 2 = (1 4+ cx) sindy, (9.2¢)

zp(s) = zs(s). (9.2d)

The last equation connects the variables of the interface to those of the membrane and helps to
simplify the formulation of the liquid volume and the no-penetration condition, which will be
discussed later in this section.

With these notations, the length of the interfaces can be calculated by

Ly = /OL(1 +en(s)) ds (9.3)

and the volume of the liquid contained between the 2 interfaces is

L
Viiquid = / [Yu (1 4+ €y) cosOy, —y; (1 + ¢;) cos 6] ds = 2L H (9.4)
0

9.1.1 Energetic point of view and optimization problem formulation

To find the responses of the soaked membrane at a given static load, we formulate an optimization
problem based on the geometry described above and minimize the total energy under specified
conditions.

The total energy of the system is the sum of the elastic energy of the membrane and the surface
energy of the interfaces:

Etot = Eelas + Esurp = /LO g ;@5(3) ds + (/OL (1+ ey(s))ds + /OL (1+ e(s)) ds) . (9.5)

s=
The liquid confinement is interpreted as the no penetration condition

w(x) < ys() < yu(w).
Thanks to condition (9.2d), the above relation can be simply expressed by s

yi(s) < ys(s) < wuls). (9.6)

The membrane is clamped at both ends. Not losing generality, we add periodic conditions for
the interfaces. The boundary conditions of the system are

6,(0) =0 2,(0) = 0 ys(0) = 0 (9.7)
6.(L) =0 z(L) = L(1 - A) yo(L) = 0 (9.7b)
yu(0) = yu(L) y(0) = (L) (9.7¢)

The volume of the liquid is constant, interpreted as the volume constraint (9.4).
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To sum up, the behaviors of the soaked membrane can be assessed by solving the optimization
problem
min &,  given by (9.5)
subject to Differential equations of the geometry (9.1), (9.2b), (9.2c)
Matching condition (9.2d)
Volume condition (9.4)
Boundary conditions (9.7a)

(9.8)

Liquid confinement conditions (9.6)

9.1.2 Dimensionless system

Please note that there are 2 parameters related to the material properties: the surface tension
v and the bending stiffness B. There are 3 parameters related to the geometry: the membrane
length L, the initial liquid layer thickness Hy, and the end shortening parameter A.

v and B are chosen to adimensionalize the other parameters and variables, then the force
unit is v/vB, and the length unit /B /v which is the elasto-capillary length. The elasto-capillary
length compares the elasticity with the capillarity, and estimates the characteristic size of slender
structures that can be deformed by the surface tension.

After the non-dimensionalization, the 5 parameters are reduced to 3:

H,=Hy\/v/B, L/Hy, A. (9.9)

The parameter H., reflects the elasto-capillarity, with a large value of H., signifying strong capillary
effects. The parameter L/H) is the aspect ratio of the liquid volume at the start of the experiment,
and it also determines the geometry of the confinement. The last parameter A serves as a control
of the loading.

For the simplicity of the notations, we do not introduce new symbols for the dimensionless
variables. In the following, if not specially stated, the variables and parameters are all dimension-
less. The dimensionless Hy is equivalent to the parameter H,. In the analyses, the system depends
on the set of parameters (Hy, L, A). We call (Hy, L) the system parameters, and A the control
parameter.

9.2 Discretized systems and numerical implementations

As in the other problems discussed previously, our first investigations on the soaked membrane
problem rely on numerical methods, discretizing the system and reformulating the problem as a
constrained optimization problem which can be solved by CasADi and IPOPT.

Please notice that the 2D model of the soaked membrane is very similar to that of the confined
Elastica presented in part II, and the difference comes from the confinement. The wall confinement
is rigid in part II, while the liquid interfaces are deformable for the soaked membrane. This contrast
is similar to the difference between the rigid-disk drop and the deformable liquid drop, and from the
last section we already showed that for deformable confinements, the non-penetration conditions
should be treated with more caution. To numerically implement the non-penetration condition,
we proposed two discretized systems, which are presented in the following.

9.2.1 Direct discretized system

Our first attempt at numerical implementation is directly derived from the continuous model
presented in section 9.1, and figure 9.3 shows the discretized system.
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Figure 9.3: Discretized system directly implemented from the continuous system.

As mentioned earlier, the 2D model of the soaked membrane is similar to that of the Elastica
confined between rigid walls. For the membrane, we apply the same discretization scheme as the
confined Elastica, meaning the super-Helices discretization, hence the discretized elastic energy,
the mixed formulation constraints, and the boundary conditions remain the same.

For the liquid part, we use the rod discretization, setting the deflection angles (6,, and 6;) and
the length variations (e, and e;) constant per segment. The volume of the liquid is calculated by
trapezoidal integration, meaning

N-1 it1 . . N=1 i+l | i
Viiquid & Z u(l + €l ) cos bl 65 — Z lew

=0 2 1=0

(1+¢€}) cos b ds (9.10)

Thanks to the definition of interface variables as functions of the curvilinear coordinate s of
the membrane, and the matching condition (9.2d), the non-penetration condition can be easily
written for the discretized system

yL>yh >y Vie (0,N) (9.11)

However, we remark that relating the interfaces with the membrane brings benefits, but also
problems. When the membrane turns backward, meaning the horizontal position z4(s) is not
increasing monotonously, then also the membrane. Figure 9.4 illustrates such a case.

Figure 9.4: Problem of the direct dis-
cretization system: nonphysical over-
turning of the interfaces. The arrows
indicate the increasing order of nodes.
When the membrane turns backward,
the nodes of the interfaces also, caus-
ing nonphysical overlaps of the inter-
faces.

Numerically, when this overturning happens, the length variation e, and e; defined on the
segments in question should adopt a value less than -1 to satisfy the matching condition (9.2d).
Please remark that by definition the length variation should be larger than -1, otherwise it means
that the material vanishes, breaching the law of mass conservation. This natural condition is not

140




CHAPTER 9. SOAKED MEMBRANE

added into the numerical constraints, because it is self-satisfied when there is no overturning and the
volume and the matching constraints are verified. In presence of overturning, the discretized system
finds some non-physical directions in which the surface energy can be significantly decreased, which
makes the system unstable and the solver cannot converge.

To allow the overturning of the membrane which may happen at large values of A, we proposed
the decoupled discretized system.

9.2.2 Decoupled discretized system

As the name indicates, the decoupled discretized system withdraws the matching condition (9.2d),
and defines the membrane and the interfaces separately.

Figure 9.5 illustrates the decoupled discretized system. The mesh points of the membrane, the
upper and lower interfaces are defined separately, denoted by s;, s, ; and s;; respectively.

SuM-2

(.x“, x,yu. i)

SuM-1

Sum=Lu

. AL
...... _x_‘.miz(‘]—d)'L

g Yui=0

N Sv= L X

Sim=Li

SiM-1

(X/, i,y/,i)

Figure 9.5: Decoupled discretized system.

The discretization scheme of the membrane stays the same (super-Helices). The interfaces are
still discretized with rod discretization, but the length variations e, and e; are now scalars, valid
for all the segments of the interfaces. It can be understood as: all segments of the upper (or lower)
interface have the same length.

To define the non-penetration condition in the decoupled system, we use the same method as
in the discretized system of the deformable drop. The segments of the interfaces still serve as the
reference segments, and the nodes of the membrane are set to stay between a certain number of the
closest upper and lower interface segments. The details about the numerical beam-to-beam contact
conditions can be found in section 3.2.1, and please refer to section 8.2.2 for the implementation
of the contact conditions inside the solving algorithm.

In the decoupled discretized system, each object (membrane or interface) can have a different
number of nodes. Coarser discretization can be applied to the interfaces as their deformation is not
as large as the membrane. This also provides better convergence and requires less computational
power.

9.2.3 Solving process and the Lagrange multipliers

The solving process for both discretized systems is the same. As the system depends on three
parameters, (Hy, L, A), we remark that in each simulation, (Hy, L) is fixed, and the continuation
method with control parameter A is used to mimic the experimental control of the contraction.

As other problems solved by IPOPT, in the discretized optimization formulation the Lagrange
multipliers provide additional information. Recall that in section 5.1, the physical significance of
certain Lagrange multipliers are presented, and the Lagrange multipliers of the soaked membrane
system are alike.
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The Lagrange multiplier of the boundary constraint zs(L) = L(1—A) is the horizontal reaction
force T' of the support, see figure 9.2. And the Lagrange multipliers of the non-penetration con-
straints are the vertical force reactions from the liquid interfaces, confining the membrane in the
liquid. Moreover, the Lagrange multipliers of the mixed formulation, the discretized equivalences
of the differential equations (9.1), (9.2b, 9.2¢), are the internal moment and force in the membrane
and the internal tension of the interfaces.

Compared to the Elastica confined between rigid walls, the soaked membrane system also has
a volume constraint. With dimensional analysis, the Lagrange multiplier of the volume constraint
has the same dimension as a pressure. An example of the Lagrange multiplier of a volume constraint
is given by the simple drop problem in section 1.6. Nevertheless, we remark that in a complex
system, expressing the same constraints in different ways leads to different Lagrange multipliers.
In the case of the discretized systems of the soaked membrane, we know that it is related to the
interior pressure of the liquid cavity, but the two discretization systems define the non-penetration
conditions differently, thus the Lagrange multiplier of the volume constraint is not exactly the
same for the two systems. For the direct discretized system, we can derive from the discretized
formulation that

N
|l L(1 = A) ZZIffLIHffI (9.12)

where p denotes the Lagrange multiplier of the volume constraint, and f! and fli are the Lagrange
multipliers of the non-penetration conditions on the upper and lower interfaces.

For the decoupled discretized system, it is harder to give an exact expression as the constraints
are defined on segments and change with the algorithm. Therefore, in the analyses and discussions,
we do not take into account the Lagrange multiplier of the volume constraint in the decoupled
discretized system.

9.2.4 Observations and discussions of the simulation results

To start with, we compare the direct and the decoupled discretized system with the same system
parameters and the same loading steps. Before the overturning stage, no difference is observed
between the solutions given by the two methods. Then we choose to use the direct discretized
system to study the incipient deformation of the soaked membrane model.

We observed that in the early stage of deformation, the membrane buckles and folds are created,
similar to what was observed in the confined Elastica problems, and the interfaces do not deform
much. Please recall that the system parameters are Hy and L, all adimensionalized by the elasto-
capillary length, and that A serves as the loading parameter. Depending on the system parameters,
the interfaces start to deform at different values of A. The behaviors and the responses of the
system also vary with the parameters. To further assess these effects, we conducted a parametric
study.

In the parametric study, different values of Hy and L/Hj were chosen, and simulations were
carried out for each pair of system parameters. We focus on the deformation of the system and
the variation of the horizontal force reaction T as A gradually increases.

Nine solutions are chosen and presented in figure 9.6. The three values of Hy (0.1, 1, and 10)
represent different orders of magnitude of the intensity of the capillarity effects. And one small
(20), one medium (100), and one large (250) value are chosen for the aspect ratio L/Hj, forming
the nine pairs of system parameters.

Figure 9.6a shows the form of the system given by the simulation at a relatively large value
of A, illustrating the highly deformed stage before the overturning. Figure 9.6b shows how the
horizontal force reaction 1" changes with A for each pair of the system parameter.
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Influence of the system parameters

Comparing the form of solutions, we see that the interfaces are more flexible when Hj is small.
This is expected, because Hy is adimensionalized with the elasto-capillary length /B/v, and a
small value means that the capillary effects are weak (v small). In this case the interfaces are more
likely to be deformed by the membrane inside the liquid cavity.

For L/Hy, we know from its definition that it is related to the length of the membrane and the
volume of the liquid. A large value of L/Hy means that the liquid layer is relatively thin, i.e. the
liquid cavity is narrow compared to the length of the membrane. In fact, L/Hy is equivalent to
1/a in the problem of the Elastica confined between rigid walls (chapter 6). We have revealed that
more folds are created when the Elastica is pushed into a narrower tunnel, and the period of the
folds creation depends on the parameter 1/a. It is similar in the present case of liquid interfaces,
especially during the first stages of deformation.

Coupling the two effects with different values of the system parameters, the responses of the
model can be vaguely classified into three categories. In the first category, Hy is large and/or
L/Hy is small. In this case, either because the capillarity is too strong or the confinement is too
loose, the membrane acts like the Elastica confined between rigid walls. In the second category,
Hy is small and L/Hj is large. The capillarity is too weak, and the membrane is barely deformed
except at one spot where all the liquid tends to concentrate. The third category groups the rest.
During the contraction loading, homogeneous folds are first observed, then the interfaces deform
and the folds adopt varying heights. Examples are the four solutions shown in the top right-hand
corner of figure 9.6a.

The solutions in this third category are similar to the experimental observations of the soaked
membrane, and thus are of the most interest to us. With that, we define the range of the system
parameters to be further investigated in the following sections. The parameter Hy should be
around 10, and the parameter L/H\ should be in the order of magnitude of hundreds. Considering
the precision and the required computational time and power, we limit L/Hj to be less than 500.

Geometry of the interfaces and capillary pressure

For the solutions with more flexible interfaces shown in figure 9.6a, it can be seen that the parts
of interfaces not touched by the membrane (the free parts for short) are arc-shaped. Indeed, it is
expected from Young-Laplace relation between pressure jump and curvature, and observed in the
numerical data that the free parts are actually circular arcs, also meaning the curvature of the free
parts are constant, and the angle 0 varies linearly. It is also the case even for the seemingly flat
interfaces when Hj is large, but the curvature is too small to make the arc shape visible. Notably,
all the free parts have the same curvature, equal to the value given of the Lagrange multiplier of
the volume constraint u, see (9.12). This relation is valid under all circumstances, including the
interfaces highly deformed by the membrane. One example is given in figure 9.7.

According to the Young-Laplace equation, which was introduced in the simple drop example in
section 1.6, the capillary pressure difference sustained across the interface is given by the product
of the surface tension and the local curvature. The observation of the numerical solution confirms
our deduction that the Lagrange multiplier of the volume constraint corresponds to the pressure.
It also suggests that there are no pressure differences in the liquid cavity across the membrane,
which is expected. In our static 2D model, the physics of the fluid only acts on the liquid-air
interfaces and the constant volume. There is only one global volume constraint, thus the liquid
crossing the membrane does not bring any consequence.
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Figure 9.7: One solution given by the direct discretization system (Hy = 2, L/Hy = 50).
We show the form of the solution, the Lagrange multipliers of the non-penetration
condition 9.11, the flexion angles of the interfaces, and the curvature of the interfaces
calculated from the angles with finite differences. On the curvature diagram, the
absolute value of u, the Lagrange multiplier of the volume constraint is plot in dash-
dot black line.

Variation of the force reaction T

Comparing the force variations as functions of the endshortening A in figure 9.6b, we see a
global trend in which T decreases with increasing A. T has positive values except in the case
Hy = 0.1, L/Hy = 20. Moreover, all positive curves start with 77 = 2 as A = 0. We remark
that by definition, 7" is oriented in the opposite direction to the contraction, which is the opposite
of the compression force P in the problem of the Elastica confined between rigid walls. Thus,
apart from the exceptional case (Hy = 0.1, L/Hy = 20), the supports are held in tension to
prevent self-retraction during the displacement control. This is due to the surface tension of
the interface. Supposing there is no membrane in the model, then the total energy to minimize
during the deformation is only the surface energy, which is the product of the surface tension
and the length of the interfaces. If the end displacement changes by 6¢, then the surface energy
variation is 2y d¢ (there are two interfaces), and the work of force T' is —T §¢. Balancing these
two terms gives T' = 2+, which gives the initial value 2 observed from the simulation results in the
adimensionalized units. In the presence of the membrane, the buckling of the membrane yields
another force opposing the contraction of the interfaces. Please recall that the buckling threshold
of an Elastica with length L and clamped at two ends is (27/L)%. In the exceptional case, the
length of the membrane is L = 2, hence the buckling force is approximately 10, greater than the
surface contraction 2. Subtracting 10 from 2 gives -8, which is the starting value of T" shown in the
diagram, and this means one should push the support to introduce the endshortening A. For the
other cases, the membrane is so long that the buckling force is very small compared to the surface
contraction, which explains why T starts with a value very near 2 in the other force diagrams.

As the displacement loading increases, the deformation of the membrane is more pronounced,
and its internal forces grow larger, that is why all T' decreases with A in all the force diagrams.

Focusing on the four solutions presented in the top right-hand corner, we see jagged patterns
at the beginning of the loading, then the T curve stagnates. We have already explained the
deformation process of these solutions. The jagged patterns in the force diagrams correspond to
the initial stage of the deformation, during which homogeneous folds are created one after the
other. In fact, the internal force reaction P of the membrane can be obtained by transforming
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T to P =2 —T, and with that we recover similar force variations as in the case of the Elastica
confined between rigid walls. Similar to the confined Elastica, the soaked membrane model also
has the self-similar property during the homogeneous wrinkling stage. For the same value of L/Hj
and different values of Hy, (2 — T)H? as functions of A can be superimposed.

When T is reaching the stagnation range, there is barely any newly created fold, the interfaces
start to deform, and rearrangement happens to the existing folds. This stage is the most remarkable
difference between the soaked membrane model, and the confined Elastica model discussed in part
II, and it is also important to the understanding of the phase transition phenomenon observed
in experiments. To discuss when the system enters the second stage, we use A* to denote the
endshortening value for the transition between the homogeneous stage and the inhomogeneous
stage.

We remark that hysteresis is also present in the soaked membrane model. In figure 9.8, the
results of a simulation with both loading and unloading processes are presented. Apart from the
force variation, one solution of the homogeneous stage and one of the inhomogeneous stage are
shown on the diagram to help distinguish the branches of the two stages. The force shown in the

P=2—T as a function of A. (Hy=6, L =1000, L/Hy=167)
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Figure 9.8: The force diagram of one solution for Hy = 6, L = 1000, the simulation
contains both the loading and unloading process. For both homogeneous and inho-
mogeneous stage, one solution is chosen, marked by a red star in the force diagram,
and the form of the system is plotted beside (width scaled for display purposes).

diagram is actually P = 2 — T, the horizontal component of the internal force in the membrane.
The branches of the homogeneous stage exhibit similar undulating patterns to those of the Elastica
confined in rigid channels, and the hysteresis is also similar to the confined Elastica problem. Please
notice that during the inhomogeneous stage, the force curves of the loading and unloading processes
are superimposed, showing no hysteresis phenomenon.

This is different from the experimental results, in which hysteresis is present during the whole
loading and unloading process (Grandgeorge, 2018), and can be explained by the fact that the
viscosity and dynamic effects are not included in our model. Nevertheless, the force variation
is coherent with the experimental observation: T first decreases rapidly, then reaches a plateau
regime.
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When the discretized systems fail and what is next

Approaching the critical value of A at which the overturning happens, the direct discretized
system does not converge. For the decoupled system, a tiny overturning can be observed in one of
the folds, then the membrane adapts a shape similar to the spiral shape mentioned in part II and
discussed in appendix E. An example is given in figure 9.9.

Solutions of the decoupled discretized system (Ho =6, L = 1000)

25 A A=0.I710 25 1 A=0.1720
o_ﬂ/\/\[\[\]\/\/\/\/\,\,\/\ 04 (78]
0 100 200 300 400 500 600 700 800 0 100 200 300 400 500 600 700 800

Figure 9.9: Two solutions found by the decoupled discretized system (Hy = 6, L = 1000)
(width scaled for display purposes).

In the proposed model, the spiral solution has significantly lower energy compared to the wrin-
kling solution (see appendix E), therefore the optimizer converges to the spiral solution. Indeed,
in other studies involving the wrinkling of thin film-like structures, the fold localization was ob-
served, which looks similar to the spiral shape we have found numerically (Jambon-Puillet, 2016;
Pocivavsek et al., 2008). Although the spiral shape has been observed in the experiments of Grand-
george (2018), this configuration rarely occurred and therefore wasn’t investigated systematically
(and thus has not been mentioned in literature).

Attempts have been made to avoid the spiral shape by adding self-contact conditions (for the
membrane) into the decoupled discretized system, but the algorithm has difficulty converging. At
each step inside the self-contact detection loop, the substantial variation of the results makes the
constraints defined by the geometry of the previous step no longer applicable in the current step.

We speculate that the violent change comes from omitting the dynamic effects, which also
explains the incoherence between the simulation results and the experimental observations. In a
static model, all the stable solutions are theoretically admissible, and passing from one solution to
any other can be easily achieved by the solver. When dynamic effects are added into the system, a
certain time and energy are needed to pass from one state to another. In the static 2D model of the
soaked membrane, the omitted dynamic effects especially refer to the dissipation brought by the
fluid viscosity, and the diffusion related to the porosity of the membrane. Although the loading
motion in the experiences is very slow, the characteristic timescale related to these dynamical
effects may be even larger, such that the system never had time to rearrange itself into the spiral
shape.

Although the discretized systems were not able to capture all the experimental behaviors of
the soaked membrane, the successfully implemented algorithms recovered the formation of the
homogeneous wrinkles at the early loading stage, and allowed a parametric study to determine
the range of system parameters in which the wrinkling and the phase transition may happen.
Moreover, inhomogeneous wrinkling form was observed, which is a promising result to reveal the
mechanism of the phase transition phenomenon observed in experiments.

Notably, the creation of the homogeneous folds during the initial loading stage is very similar
to the problem of Elastica confined between rigid walls, which was discussed thoroughly in part
II. Instead of adding dynamical effects, which may be technically involved and challenging in
parameter estimation, we propose to utilize what was learned previously from the confined Elastica
problem to try and better understand the phase transition.
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In the following section, we present the cellular models based on the same idea of the cellular
models discussed in section 5.6.2 to analyze the responses and behaviors of the soaked membrane
system.

9.3 Single cellular models

Given the creation of the repetitive patterns at the initial stage of deformation, the first analytical
models are built with the same idea as the cellular models presented in section 5.6. To begin with,
we focus on the homogeneous configuration, and assume that the system is composed of multiple
occurrences of the same cell. By this definition, we call these models single cellular models.

9.3.1 Simplified single cellular model

The observations from the results of the discretized system in section 9.2.4 showed the wrinkling
patterns when Hj is relatively large (Hy ~ 5) and the interfaces are almost flat. Even for the
inhomogeneous wrinkling forms, the interfaces are approximately flat locally around each fold,
regardless of the global undulations. For this reason, our investigations start with the smallest
unit: one-half of the fold with interfaces assumed to be flat, that is we recover the cell defined in
section 5.6.2.

In part I1, we demonstrated the capability of the cellular models to predict the general behaviors
of the rigidly confined Elastica. Moreover, these solutions possess a self-similar property, and
passing from one value of the wall distance to the other only requires a rescaling (see section
5.6.3). In the following, we will explain how to apply this idea to the cellular model of the soaked
membrane.

For the Elastica confined between rigid walls, the distance between the walls is fixed. In the
case of the soaked membrane, the distance between the two interfaces is related to the fixed volume
of the liquid and the distance between the two supports. Figure 9.10 illustrates how to estimate
the distance if the interfaces are assumed to be flat.

A
Y
T2HO X,
s=L
A
Vo — 1y
_______________ SR, . y()= (%{_2))
AL s=t
2Ho
(1-4)
= X X,
x=1-4L 7 0 x(0=2-(1-4)"

Figure 9.10: Simplified cellular model

Recall that the volume of the liquid, 2HgL, stays constant during the deformation. At a given
contraction load A, the length between the two supports is L(1 — A). Under the constant volume
constraint, the distance between the assumed flat interfaces should be 2Hy/(1 — A). With that,
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we extract the simplified membrane cell, which is described by the same geometric variables, and
satisfies the problem definition (5.24), but with a different boundary condition on y(#):
2H,
l) = . 9.13
y(0 = —% (913)
This change does not affect the deduction of the differential equations and the additional
equation of the variable length ¢, thus the self-similar solutions of problem (5.34) with boundary
condition (5.35) can be directly applied to the soaked membrane problem with the length scale

_ 2H, 1
C1-Ag(1)’

(9.14)
and the values of the other variables and the cell energy can be recovered from (5.30) and (5.31).

9.3.2 Complete single cellular model

Having established the single cellular model with flat interfaces’ assumption, we further improve
the cellular model with more realistic interface geometries. As both surface tension theory and
simulation results in section 9.2.4 proved that the free parts of the interfaces are circular arcs,
the free parts in the cellular model can be modeled by circular arcs. By this means, we propose
the complete single cellular model. The illustration and the geometric description of this model is
given in figure 9.11.

For the purpose of showing their clear physical meaning, dimensional parameters and variables
are used in the present derivation of the differential system. Please recall that the bending stiffness
of the membrane is B, and the surface tension of the interfaces is ~.

In the single cell shown in figure 9.11, the curvature, the flexion angle, and the positions of
the membrane are denoted by k(s), 6(s), x(s), y(s), and s is the curvilinear coordinate. They are
related by:

0'(s) = k(s), 2'(s) =cosf(s), y'(s)=sinf(s), s € 0,4], (9.15)

where £ is the length of the membrane in one cell. These are the same differential equations as the
Elastica and elastic fiber in other problems discussed previously.

The free parts of the liquid surfaces are circular arcs, described by f;, r; and D; (i = u for
upper or [ for lower). And the regions attached to the membrane have the same shape as the
membrane.

With the geometry definition, the energy of one cell shown in figure 9.11 is :

t B
Ecetl = Eelas + gsurf = / 0 E 52(5) ds + 7y (Tuﬁu +1—=Dy+rp + Dl) (916)
The whole length of the membrane is L, then there is N, = % cell and the total energy is

L
gtot = Nc gcell = z(gelas + gsurf) (917)

We would like to minimize this energy under the boundary constraints based on the symmetry
assumption and the controlled end-displacement:

x(Dy) = 1y sin By, x(Dy) = x(£) — 7y sin f, (9.18a)
0(0) =6(¢) =0, x(0) = y(0) =0, z(0) =01 - A), (9.18b)
and the constraint based on the volume conservation:
e L e (4
NeViiquia = ZVliquid =2LHo, — Viguia = 2{Ho, (9.19)

149

@



CHAPTER 9. SOAKED MEMBRANE

/"\" v E
B’l e Membrane
Interfaces
ﬁ

s=I

T M

Wiz X

>

s=0

Figure 9.11: Complete cellular model
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with Vi ;4 the volume of liquid in one cell

Dy,
Viiguid = — /0 ya' ds + 2(Dy) y(Dy) —
(9.20)

l r2
+ [ vatds = () = 2(D) w(D) = F (- 5sim2t) .

The appendix F contains the Lagrangian defined for the complete cellular model and the rea-
soning for finding the system of equations to solve. We found that the radii of the upper and lower
free parts are the same, thus we define r = r,, = 1, and for the angles, we found 3, = 6(D,,) and
B = 0(Dy).

To summarize, the system of equations is

BO"(s) = ng1(s) sinO(s) — ny1(s) cos(s)
{ N Y s € [0, D] (9.21a)
xl — T ’ yl —
[n.](Di) = —ycos By & [ny](Dy) = —vsin fy (9.21b)
B0"(s) = ngosinf(s) — 50
(s) = na2sinf(s) — nys cos O(s) s €Dy, Dl (9.21¢)
Nng2 and nys are constants
[ne](Dy) =7vcosfu & [ny](Dy) = ysinpy (9.21d)
BO"(s) = ng3(s)sinf(s) — ny3(s) cosO(s)
{ Ngg =Py nhe=—px ' s € Du, 4 (9:21¢)
T ’ Y.
where p = —v/r is the Lagrange multiplier of the volume constraint, physically the capillary

pressure difference.
The variation of length ¢ gives the equation

¢ B /2
/0 5 0 (S)ds + ’V(Tuﬁu — Dy + 78+ D
=/ {59/(5)2 +nz3(0) A —ycos By (1 — A) —p[2Ho — (y(€) — y(Dy)) (1 — A)]} (9.22)

=/ {—?6’(6)2 +p2Ho —ng3(€) + T (1 — A)}
with
T =nq3(0) —ply(f) —ym] +1,  where ypr = y(Dy) + r(1 — cos f). (9.23)

In addition to the volume condition (9.19), the boundary conditions and the geometric condi-
tions (9.18), there is also
ny3(¢) = 0. (9.24)

Non-dimensionalization and solving method Being consistent with the previous parts, the
system of equations is adimensionalized with B and ~y, and we recall that the system parameters
are (Hp, L) and the control parameter is A.

The shooting method is used to solve the system of equations for a given set of parameters.
The differential equations (9.21) are integrated from s = 0 to s = ¢, finding the unknown values
at s = 0 and the unknown parameters, such that all the other given conditions are satisfied. In
this system, the unknown initial values are €’(0), n;(0) and n,(0), and the independent unknown
parameters are r, D; and D,. Hence, there are 6 unknowns to be found by the shooting method,
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requiring to satisfy the 3 boundary conditions at s = ¢, the volume condition (9.19), and the two
geometry conditions (9.18a). To sum up, there are 6 unknowns and 6 targets, this system is closed.

Additionally, we remark that the continuation method (with control parameter A and arc-
length continuation) is used to find the highly nonlinear solutions.

9.3.3 Comparison and discussions of the single cellular models

We have introduced the simplified and complete single cellular models, and in this section, we
compare the solutions of these two models with the full simulation results of section 9.2.2.

Please note that the parameter L can be canceled out from the system of equations of the two
single cellular models, meaning that the solutions of the cellular models only depend on the system
parameter Hy. This can be explained in the following way: both cellular models assume that the
patterns of the system are identical then, with the same reasoning as the Elastica in wall-attached
configuration, these models present an additional self-similarity property. L only intervenes in the
cell number N, = L/{ of the cellular models.

To discuss the results with the simulation data, the values of the system parameters H, are
chosen such that it is possible to observe the inhomogeneous wrinkling patterns, that is we select
Hp~1~10, and L/Hy ~ 100 for the simulations.

In figure 9.12, we show the solutions of the complete single cellular model with different values
of Hy. These solutions are rescaled with 2Hy/(1 — A), the approximated height of the liquid layer,
and are compared to the simplified single cellular model based on the self-similar solution given in

section 5.6.
y(£)/(2 Ho) —Ny2 * (2Ho/(1 — A))? Eolas * 2Ho/(1 = 4)
49 --- UA-B) 1001 Lo by 81 --- &
7.5 1 6
3 -
5.0 1 41
21 2.5 1 21
1 L T T T T 00 L T T T T 0 L l“ T T T
0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6
A A A
(2 Ho/(1 — D)1 —Nyz - (2Ho/(1 — A))? 2HolE8,;
154 o fy,2
0.6 i 0.3
10 1
0.4 1 0.2 1
5 E
0.2 1 0.1
T T T T O 1 l'/ T T T T T T T
0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6
A A A
—— Ho=1.0 Ho=1.5 —— Ho=3.0 —— Hp=5.0

Figure 9.12: Comparison between the complete single cellular model (see color coding
for the value of Hj) and the self-similar solution of the simplified single cellular model
(dashed black curve).

It can be observed that as Hy increases, the solutions of the complete cell model converge to
the simplified cell model. This is expected, as the capillary effects are strong for larger values of
Hy, and the interfaces become harder to deform, thus the liquid confinement behaves like the rigid
confinement.

Please note that the solutions of the simplified model are already good approximations of the
complete model as soon as Hy = 3, which is not a large value in the considered range of Hy
(1 £ Hyp £10). For small values of A, the differences between the complete and simplified models
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are even smaller. As the single cellular models mainly predict the behaviors of the system during
the homogeneous wrinkling stage, that is A < 0.2, the simplified model can very well be used to
estimate the responses of the system.

While the solutions in figure 9.12 were found by the continuation method with control parameter
A, the solutions in figure 9.13 were found by the arc-length continuation method. The value of
parameter Hy is chosen to be 5. Four solutions of the complete cellular model are marked on the
bifurcation branches, and the related form of the system is given with the same marker in the
lower part of figure 9.13. We also show in the figure the bifurcation branches of the simplified cell
model which are derived from the self-similar solutions of figure 5.20. Please recall that the stable

—Nx2 - (2Ho/(1 — A))? —nyz * (2Ho/(1 = A))? Eolas * 2Ho/(1 — )
10.0 4
7.5
5.0 1
2.5+
0.0 T T T 0 T T T T T T T
0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6
A A A
Form of the system (Hg =5)
25 40 15 A
10 - 201 30 104
15 A
® 209 L
51 107 5 -
5 10 A
0 0 01 04
0 5 10 15 0 10 0 10 0 5 10 15 20 25 30 35
-e—- Complete cell e Simp. cell index=0 e Simp. cell index=1 Simp. cell index=2

Figure 9.13: Bifurcation branches of the complete single-cellular model found by the
arc-length continuation method, compared with the self-similar solutions presented in
figure 5.20. Four solutions of the complete single-cellular model are chosen, marked
on the bifurcation diagrams, and the related forms are shown below with the same
marker.

branch (with index 0) of the self-similar solutions is the same as the black dashed branch in figure
9.12. The arc length continuation method is initialized with the same point as the A-controlled
continuation and, at first, exactly the same solutions as in figure 9.12 are found. At the limit value
of A at which the A-controlled continuation fails, the arc-length continuation continues finding
solutions and constructing a branch that turns back from the A limit to smaller values. A solution
on the newly-found branch is shown with the red cross marker. The related form of the system
does not have the expected geometry, and it has a higher energy than the solutions on the original
branch. Therefore, the solutions on this branch are not taken into account for further analysis.
Notably, the self-similar branch and the complete cell branch turn back at the same point.
Although they branch off from each other afterward, we imply from the stability analysis of the self-
similar solution that the new branch of the complete cellular model is also unstable. Hence, when
Hy 2 5, the solutions on the stable branch of the simplified cellular model are good approximations
of the solutions of the complete cellular model, and the range of A also corresponds to that of
the complete cellular model. In addition to that, the simplified cellular model can be used for any
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value of Hy provided a rescaling of the self-similar solutions presented in section 5.6, which is very
practical. For these reasons, the solutions of the simplified cellular model are used in the following
discussions.

The von Karman approximation To repeat, the homogeneous wrinkling patterns are limited
to small values of A, which means that the von Kdrman approximation does not diverge much
from the nonlinear solutions. Thus, we transform the expressions found by the von Karman
approximation of the nonlinear global cellular model in section 5.6 to the problem of the soaked
membrane.

Please recall that the equivalence of parameters between the confined Elastica in wall-attached
configuration and the soaked membrane model under the flat interface assumption is:

length scale (¢) Number of cells

Elastica H/j 1/t =19:/H

Membrane | 2Ho/[(1 — A) 4] | L/¢ = (1 — A)gy L/(2Ho)

Table 9.1: Parameter equivalence between the confined Elastica and the soaked mem-
brane. §; = g(1) is the self-similar solution of global cellular model.

With a rescaling of the results in table 5.2, we obtain

N, = 1'25L\/Z12;IOA = 0.63VA(1 — A)I_Z (9.25a)
1—A\?

P=3140A ( S, ) (9.25b)

F =31.24A%(1 - A) (12;{?>2 ;0 (9.25¢)

s = 12.60 AVA 12;{? = Egs = 15.75 L A? <12;{0A>2 (9.25d)

Compared to the expressions of the confined Elastica problem, the expressions of the soaked
membrane model are not linearly or quadratically proportional to A. Also, the system parameter
L/H, intervenes in the expressions of N., F' and the total elastic energy.

In figure 9.14, we compare the simulation data (see section 9.2.2), the solutions of the simplified
cellular model, its von Karmén approximation. We also plot two of the transitional cellular models
presented in section 5.6 that we rescaled with the length scale given in table 9.1 in order for them
to fit the soaked membrane system. For the chosen pair of the system parameters (Hy = 5,
L/Hy = 100), the force reactions predicted by the simplified cellular model are approximately the
mean values of the simulation results. Also, the von Karman approximation is not much different
from the nonlinear solution, proving the validity of the expressions (9.25). Both the nonlinear and
the von Karméan approximation show that the simplified cellular model is able to predict the global
behaviors of the 2D soaked membrane model during the homogeneous wrinkling stage.

In part II, we have demonstrated that the range of the force responses lies between the
ExtC/HgF and HgF /PtC transitional cellular models of the wall-attached configuration for both
wall-attached and centered configurations. In figure 9.14 we see that the lower bound is still
the (rescaled) HgF /PtC transitional cellular model, but we remark that the upper bound is the
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Ho=5, L/Hy =100
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Figure 9.14: Comparison between the solutions of the discretized system simula-
tion, the simplified single cellular models derived from the confined Elastica in wall-
attached configuration, and the von Karman approximation of the global simplified
single cellular model.

(rescaled) PtC/ExtC transitional cellular model. As a matter of fact, the ExtC configuration is
rarely observed in the soaked membrane simulation, which may be due to the deformable liquid
confinement.

With these observations, we point out that the packing behavior of the homogeneous wrinkling
stage of the soaked membrane is closely related to the problem of the Elastica confined between
rigid walls. Moreover, the fact that the self-similar solutions of the confined Elastica problem can
be directly applied to the soaked membrane system with a rescaling also reflects the presence of
self-similarity during the homogeneous wrinkling stage of the soaked membrane.

Non-convex total energy The previous discussions focused on the elastic structure part, and
the interfaces were approximated as rigid confinements moving with displacement control A. How-
ever, further analysis of the total energy predicted by the simplified cellular model can also reveal
some aspects of the behaviors beyond the homogeneous wrinkling stage.

Figure 9.15 presents the stable branch and a part of the unstable branch of the simplified
single cellular model. To estimate the total energy of the system, the approximated surface energy

P=(2-T)=P/? Eetas = NcEEjos =55 Etot = Eelas + 2L(1 — A)
1.5+ /R -
. 1.0 - 3
0.5 1 — 2L(1-A) N
e Stable Unstable | 2 1 Envelope
0 L T T T T O.O L T T T T T T T T
0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6
A A A

Figure 9.15: Illustration of the non-convex total energy of the soaked membrane
system. The parameters Hy = 0.5 and L = 2 are chosen for the better visualization of
the non-convex form.

2L(1 — A) is added to the elastic energy derived from the self-similar solution. The estimated
total energy is a non-convex function of the control parameter A. Please remark that the system
parameters Hy and L/Hy are not in the range chosen by simulation observations. These values
are chosen for better illustration of the non-convex total energy, otherwise the surface energy is
much higher than the elastic energy, and it is hard to visually observe the non-convex geometry,
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but the non-convex nature of the total energy curve does not change for any values of the system
parameter due to the self-similar property of the simplified cellular model.

We have discussed in section 4.1 that a physical system with a non-convex energy exhibits phase
transition behavior. When the control parameter is in the range where the energy is concave, the
global system adapts and presents a solution which is a mix of the two solutions at the intersection
with the envelope. These two solutions are the two phases of the system, and the proportion of
the two phases changes during the phase transition.

This non-convex total energy reveals the possible phase transition behavior in the soaked
membrane system. With the simplified cellular model, the intersections between the energy curve
and the envelope are near 0 and max(A), which means that the phase transition will happen
immediately after the controlled displacement is applied, and the two phases are (i) the nearly flat
solution near A = 0 and (ii) the highly deformed solution at max(A). This is coherent with the
experimental observations that the phase transition starts at very small displacement load A > 5%
(Grandgeorge, 2018).

However, in both the simulation and the experiences, the phase transition does not happen
right after imposing the displacement control as predicted by the simplified cellular model. We
explain this by the exceedingly rough approximation of the surface energy. Suppose the system
is in a state of phase transition, then the nearly flat solution and the highly deformed solution
have different liquid heights. The additional surface energy due to the geometric passage from one
liquid height to the other is not taken into account by the simplified single cellular model. If this
energy is added, the two-phase state has indeed more energy, especially for small values of A, and
thus it will postpone the start of the phase transition to larger values of A.

Although the simplified single cellular model gives insights into the problem of the soaked mem-
brane, it cannot give precise predictions of the system behaviors, especially representative solutions
during the phase transition. Additionally, there is no solution for A = 0.75.

The simulation with the discretized full system provides more precise predictions of the system
behavior, but is not able to find wrinkling solutions beyond the overturning value. Thus, to study
the system for larger values of A, we propose the multicellular model, which will be presented in
the next section.

9.4 Multicellular models

The multicellular, as its name indicates, assumes the system is composed of several cell types
instead of a repetition of the same cell.

The basic idea comes from the experimental observations. Suppose there are two phases,
represented by two different cells, we would like to find the geometry of each cell such that the
total energy of the system is minimized under the given constraints. From the simulation results
presented in section 9.2.4, we mentioned the inhomogeneous wrinkling solution, in which the
wrinkling patterns cannot be neatly separated into two phases, and the general form is rather a
series of folds with smoothly varying heights. Considering both the experimental and numerical
observations, we propose two multicellular models:

o The dictionary cellular model (section 9.4.1): We suppose there are A phases (the A
words in the dictionary) and each phase is represented by one type of cell, the form of which
is unknown, and the number of cells in each phase i = 1... A is a real number N; to be
found. When there is only one phase (A = 1), it is equivalent to the single cellular model.

o The integer multicellular model (section 9.4.2): We suppose there are N, cells in the
system, where N, is an unknown integer, and the geometry of each cell is also to be found.
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This model can be understood as a representation of the wrinkling forms as an assembly of
different cells.

The integer multicellular model has more diverse cell types (V. types of cells instead of A type of
cells), hence defined by more variables. The integer multicellular model can be seen as a dictionary
cellular model where A = N, and N; = 1 Vi. Regardless of the differences, the two multicellular
models define the geometry and energy of each cell in the same way.

Interface modelling For the sake of simplicity, we suppose the interfaces in both multicellular
models are straight lines, which has proved to be a good approximation for large values of Hy.
Compared to the simplified single cellular model in which the interfaces are straight horizontal
lines, when two adjacent cells in the multicellular model have different heights, an oblique line
is used to represent the liquid interface connecting the two cells. This means that the presence
of different cells yields an extra energy cost, preventing the immediate (A = 0) phase transition
predicted by the single cellular model.

Membrane modelling As in other models, the multicellular models minimize the total energy
of the system under given constraints. For the complete and simplified single cellular model, the
geometry and the length of the cell is directly derived from the energy with the continuous variables
0(s), x(s), and y(s). In the presence of several cells, this approach introduces a lot of variables
and is therefore technically complicated to solve and implement. Meanwhile, for each cell, only
the endshortening A; = 1 — x;(¢;)/4;, the length ¢;, the height y;(¢;), and the energy eefas are
needed to define the total energy and the constraints. For this reason, we use the analytical arch
solutions of the Elastica presented in appendix C. Given p and @, the solution is unique for an
arch of unit length. Using the self-similar property of the Elastica equation, the arch solution can
be transformed to a cell of length /. This means that all the required information of a cell can be
determined by only three scalars (u, @, ¢) instead of several continuous variables plus /.

To sum up, given (u, @, ¢), we derive

eelas = EA‘(/@ Q)/& A=1- i'end(:ua Q)> y(ﬁ) = gend(:uv Q) ¢ (926&)
P=Pu,Q/¢  f=fnQ)/¢ (9.26b)

where (A) are the solutions of the unit length arch, and ()4 are the values at the end point § = 1.
The first three quantities are used to define the optimization problem, and the last two are useful
for the post-processing and the discussions of the results.

The valid (i, Q) domain As the cells are defined by variables (u, @), the valid range of these
two variables is chosen with several criteria.

Firstly, the cell shape should be confined in a rectangle in the (z,y) plane defined by the lower-
left (s = 0) and upper-right (s = ¢) corners. This means that the cell shape should be in the point
contact state (PtC) mentioned in chapter 5. Then, the liquid interfaces provide a vertical force f
opposing the vertical deformation (pushing the cell branch rather than pulling it), that is we have
f > 0 in the notations of appendix C. Finally, when assembled with other cells, a cell shape should
not penetrate its neighbors, that is we have a non-self-penetration condition for the multicellular
model.

Please refer to the appendix C for the definition of @) and p and how they are related to the
horizontal force P and the vertical force f. We define the admissible (u, @) domain, shown on the
right side of figure 9.16a, with its four boundaries

- ¢ Planar Elastica f =0 - ¢o Small A, buckling limit for f >0
- ¢z PtC/ExtC limit x(0) =0 - ¢4 Self-contact
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The ¢ boundary is simply ¢ = 0. The boundary ¢; and c3 are defined by analytical expressions,
Q= 4F2(%, p) and @ = 16 Fg(%, ) respectively, where F' is the elliptic integral of the first kind.
As for the boundary c4 defining the self-contact limit, it is possible to find an analytical solution,
but it is too complex. For this reason, ¢4 is defined by a series of solution points.

Figure 9.16b presents the contours of the valid (u, Q) domain for the solution of the unit-length
arch given in Eqgs. (9.26)

Transfinite interpolation of the valid domain of the Arch solutions
(u, v) space (1, Q) space

1.0 A

0.8

0.6 1

0.4 |

0.2 1
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(a) Transfinite interpolation of the valid (i, Q) space.
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(b) The contours of the quantities of interest

Figure 9.16: The valid domain of (u, @), the transfinite interpolation, and the solutions
of the unit-length arch in the valid domain.

Interpolations The boundaries of the valid (u, Q) domain and the analytical expressions of
the solution, which are both required by the constrained optimization problem, involve elliptic
functions. It is technically difficult to put these expressions into CasADi and the IPOPT solver
because these elliptic functions are not defined in them.
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To define the valid domain, we use transfinite interpolation (Gordon and Hall, 1973), and define
the admissible (i, @) domain by a square domain (u,v) € [0,1] x [0, 1], shown in figure 9.16a-left.
The transfinite interpolation is widely used in geometric modelling and mesh definition in the finite
element method. To match a (u,v) point to a (u, @) point, the following expression is used

S(u,v) =[(1 —v)c1(u) +veg(u) + (1 —u) ca(v) + ucq(v)]

—[1=u)(1=v)Pio+uwwPss+u(l—v)Prs+ (1 —u)vPsp] (9.27)

where P,, , are the four corner points defined in figure 9.16a, and c;(t) are the boundaries expressed
by the curvilinear coordinate ¢ € [0, 1]:

ci(t) = [t P1.4[0], 4F2(g, t-Py14[0])], (9.28a)
co(t) = [0, 7% + t 377, (9.28b)
cs(t) = [t - P34[0], 16 FQ(%, t-P3.4]0])]. (9.28¢)

The boundary c4(t) is defined by a 1D interpolation based on a series of points.

Please note that the curvilinear definition of c;(¢) is not unique, and it affects how the square
in the (u,v) domain is ‘stretched’ to the shape in the (p, Q) domain. We have verified that the
domain deformation related to our choice of the boundary definition is well-proportioned. With
the transfinite interpolation, the parameters (u, Q) become functions of (u,v), and the quantities
defined in Egs. (9.26) also.

The transfinite interpolation fixes the problem of defining the valid (i, @) domain in CasADi
and IPOPT, but the arch solutions to be put into the solver still need to be calculated with elliptic
functions. To deal with this problem, the 2D Chebyshev interpolation (please refer the section 4.5
of Boyd (2001)) is used. To briefly explain the method, 10 Chebyshev nodes in both directions in
(u,v) domain form a (10x 10) grid, the values of interest at each point of the grid are computed and
then used to find the coefficients of the interpolating polynomial. This can be achieved either by
the numpy package or through a direct implementation of the theory. Armed with these coefficients
and the Chebyshev polynomials, we define the interpolating polynomials, which can be processed
by CasADi and TPOPT, but this is not the only choice. Another possible method is the polynomial
interpolation, which also gives polynomial approximations. The Chebyshev interpolation is chosen
because fewer data points are needed to construct the approximation, and the discrepancy is
smaller when the original field is approximated by polynomials of the same order.

In figure 9.17, we show the discrepancy of the 10 nodes Chebyshev interpolation. The three
quantities presented in the figure are the ones to be put into the solver. The errors are defined
by [Xorig — Xapra|/Xorig, where Xopig is the original value, and X, is the approximation. The
largest errors are near the axis p = 0, where the values of the solutions tends to zero. The regular
patterns in the diagrams are due to the Gibbs effects of the Chebyshev interpolation, but the errors
in general are very small, ensuring the accuracy of the interpolated quantities.

9.4.1 Dictionary cellular model

Having described the definition of each cell in the multicellular models, we present in this part
how to assemble the A phases (‘words’) in the dictionary cellular model.

The dictionary cellular model can be understood as an extension of the simplified single cellular
model. Instead of the only one universal repetitive cell, we suppose there are A kinds of cells, the
type i cell (i =1,2,..., A) is repeated N; times, where N; is a real number. Please recall that after
the transfinite transformation, the variables (u;,v;, £;) of each phase leads to the cell energy £

elas’

the local endshortening §; = 1 — x;(¢;), and the cell height H; = y;(¢;), which are the quantities to

159

— S



CHAPTER 9. SOAKED MEMBRANE

Discrepancy of the Chebyshev interpolation with 10 nodes
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Figure 9.17: The discrepancy of the Chebyshev interpolation with 10 nodes. Please
remark that the approximations are calculated by the polynomials of (u,v).

be sent to the optimizer. Adding the cell number N; to the three variables, one phase possesses
4 variables, and there are a total of 44 scalar unknowns to be solved for. Figure 9.18 shows an
illustration of the dictionary cellular model with 3 words, but other numbers of words can also
be chosen. And, to be coherent with the discretized system defined in section 9.2, we assume the
system to be left-right symmetric.

__— JHi xNI + x N2 + Hs x N3

—>
¢1(1-61) =
¢3(1-03)
Phase 1 ) Phase 2 _ Phase3 Symmetry

E AL

' \ 7 \ T A

Figure 9.18: An illustration of the dictionary cellular model with 3 words”’.

We define the volume of the liquid, the elastic and surface energy in the adimensionalized
system as

A A1
Viigiud = 2 (Z NiXiH;+ Y (Xit1 + Xi)(Hip1 + Hi) /2 = (Xi1 Hia + XiHi)> (9.29)
i=1 =1

A
5elas =2 (Z Nz eellas> (930)
i=1

A A-1
=1 =1

where X; = ¢;(1 — 0;), and the coefficient 2 is due to the left-right symmetry.

In the definition of the liquid volume, it is approximated by the sum of all the rectangles
confining the cells, adjusted by the trapezoids at the junctures of two adjacent phases. The
surface energy, as mentioned earlier in the interface modelling part, it is approximated by the
straight lines relating the extremities of the cells, that are the horizontal lines within one phase,
and oblique lines at the junctures of two adjacent phases. Please note that by this definition, the
precise ordering of the phases counts. Although reversing the order of phases does not change the
volume and surface energy, interchanging two phases in a dictionary cell model of more than three
‘words’ may lead to different values of energy and liquid volume.

\/(Xz'+1 + Xvi)2 + (HH—I - Hi)2 — (Xz'+1 + Xz):|> (9.31)
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Having defined the liquid volume and the energy, for a given set of parameters (Hp, L, A),
we formulate the optimization problem of the dictionary cellular model, and implement it with

CasADi and IPOPT:

g 0D Etot = Eetas T+ Esury (9.32a)
A
subject to The displacement control: 2 (Z 5i€iNi> = AL (9.32b)
i=1
A
Match of the membrane length: 2 (Z E,-NZ) =1L (9.32¢)
i=1
Constant volume: Viiquid = 2HoL (9.32d)
Validity of the cells: 1>u; >0, 1>v,>0, £>0 (9.32e¢)
Minimal cell number of each phase: N;>1 (9.32f)

Results and discussion As the basic idea of the dictionary cell model is to separate the system
into different phases, to discuss the results we introduce the notion of cell proportion o

a; = 2Nz‘ EZ/L, (933)

which is the ratio between the length taken by the phase ¢ and the total length of the membrane.
A large value of «; means that the system has a large proportion of phase i.

Figures 9.19 and 9.20 illustrate the results of the dictionary cell model with 4 and 10 alphabets
respectively for the case (Hy = 6, L = 100), which are the same parameters as the results given in
figures 9.8 and 9.9.

We start from the dictionary cell model with 4 words. In the diagram of the cell number and
the diagram of the force on top of figure 9.19, the discretized system simulation data are also
plotted to be compared with the results of the dictionary cell model. The blue and orange colors
denote the dictionary cell model results related to loading and unloading processes respectively.

For all the models using the variational method, the Lagrange multiplier 7" of condition x(L)
has the same dimension as a force, and is shown in the discretized system to be the external
horizontal force reaction. Although we did not deduce the precise relation between T' and other
unknown variables for the dictionary cell model, it is assumed to have the same meaning. In the
force diagram in the top-right corner, the blue and orange curves are obtained by the Lagrange
multiplier 7" with P = 2—T'. In the same diagram, the internal horizontal forces of each ‘words’ F;
are also presented. We observe that 2 — T does not match P;. This is different from the discretized
system, in which the internal horizontal force of the membrane (the Lagrange multipliers of the
mixed formulation related to (9.2b)) is nearly constant (with less than 1% differences) and matches
the value of 2—T. We assume that this discrepancy is due to the straight interface approximation.

For small values of A, all words are the same, but at one point, the words become different, and
the system is considered to enter the phase transition stage. Hysteresis takes place only around
the transition point thus, for simplicity, we plot (in gray level) the individual data for each ‘word’
for the unloading process only. When the dictionary cell model has 4 words, the transition point
is located at a larger A value than that of the discretized full system simulation. Before the phase
transition, the curves of the dictionary cell model pass between the data of the discretized full
system. During this stage, all the words are the same, and it is basically the same solution as the
single cellular model. Compared to the discretized system which fails at the overturning point,
the dictionary cell model achieves our goal of extending the 2D model to larger values of A with
assumed wrinkling form.
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Dictionary cellular model with 4 words (Hy =6, L =1000)

Total cell number N. & 22 N; Horizontal internal force P(=2-T)
1.0
0.025 A .\.I.l e Cellsp ® Displacement LM A t -
i . 0.8 8
30 0.020 - \w ® Discretized system #® Displacement LM A L c
0.6 E
50 4 & 0.015 1 S
=, 1}/’ 0.010 - : ; I — 0.4 m.
- g H.l-ll-; RIS T 1 by, —— —
101 — — -~ 0.005 - e 028
I # Discretized system # Dictionary At + Dictionary A 4 . . Jll"...l.
T T T T T T T 0.000 T T T 0.0
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.0 0.1 0.6 0.7
A A
Local compression &; Wave length A; = 2(1 - §,)¢;
LT H..o
0.8 250 4 ~
vy, 0.8 &
0.6 1 1 ] B h B 6 200 1 5
| 0.6 £
S g4 <= 150 3
. 100 .r/ 04 g
0.2 4 = — NP =
= " 50 s 2 B 4 0.2 Y
e all n— — . L 1
0.0 T T T T T 0 T T T T T T T 0.0
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
A il
1: A=0.15 2: A=0.30 3: A=0.50
a0 50 4
50 1 .
20 w=aqz 203 —— p— - i3 35 Lo 25 =253 I e =y
s ~ s N = \ I.lﬂ,\lu.lli.ﬂ” Py v -~ ~
ol I\ < % LA S AN 01 — \\“.mm, . T—— e o4 - \ w,‘W..,If A .
3] 1 B 00
—20 =504 =25 1
T T T T T T T T T T T T T T T T T
0 50 100 150 200 o] 100 200 300 400 0 50 100 150 200 250 300
4: A=0.66 5:A=0.69 6: A=076
40 1 S Ton 40 W=133 100 — e e——d== .
V=135 — =
, R e (IR 40 1
20+ T : 5 20 S 3
vl ’ \ v ! ' 20
1 A} s Mo ﬁ ! k
04 o et —— S I P /r
- 6.1 0 . L -
1 avE 0
: T : T : T T T : : T T T
0 50 100 150 200 o] 25 50 75 100 125 150 175

Figure 9.19: Results of the dictionary cell model with 4 *words’ for the case (Hy = 6, L = 1000). The calculation includes both
the loading and unloading processes. In the two diagrams on top, the blue and orange curves correspond to the loading
and the unloading respectively, and the results of the discretized full system are presented in green. The grayish points are
the solutions related to each word’ during the unloading process, with the gray level marking the cell proportion «;. Six
values of A are marked by red lines in the local endshortening plot and the wavelength diagram, and the corresponding
forms are presented at the bottom. The dashed-gray parts present the symmetry, and the cell number N; is indicated near
each cell.
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During the phase transition (solutions 2 - 6), the cell number N; of the first and last words are
larger than one, while N; of the two words in the middle have the imposed minimum value one. In
fact, the middle cells serve as buffers between the first and last cell, such that the general height
of the interfaces changes more smoothly and has less surface energy compared to a rough change.
From the diagram of wave length \; with A\; = 2(1 — A)¢;, we observe that one word has a very
large value of \; at the beginning of the phase transition. This is indeed one of the middle words
that has a gentle slope and serves as a buffer between the less curved and highly curved words.

As A goes larger, the cell number N; and the proportions «; of the words with self-contact
increase. The different words have closer cell heights, leading to the decreasing A; of the buffer
word. Regardless of the change in shape, the A; of the two dominant words stay nearly the same,
which looks like the phase transition phenomenon observed experimentally: the wavelengths of the
two phases undergo only minor changes. Additionally, compared to the rapid change in cell number
during the early stage, the total cell number predicted by the dictionary model stays nearly the
same during the phase transition. We conclude that the observation from the discretized system
of the nearly constant cell number during the early phase transition is extended to larger values
of A.

For very large values of A, nearly all the cells are in self-contact, which can be understood as the
totally collapsed stage. After all the cells are in self-contact, the solving program cannot continue
to larger A values for the reason of imposed geometry control. The self-contact mechanism needs
to be added in the model to solve for larger values of A.

Results of the dictionary cell model with A = 10 words for the same values of parameters Hy and
L/Hy are shown in figure 9.20. Compared to the previous observations, when there are 10 words,
the phase transition happens at a smaller value of A, and the hysteresis around the transition
point is less apparent. Similar to the model with 4 words, during the phase transition, the cell
number of the middle words is always one, meaning they act as buffers between dominant words in
the first and the last place of the numerical order. Because there are more buffering cells to share
the transition region connecting the dominant phases, none of the cells has a very large length,
and the form of the system looks similar to that observed in the discretized full system. In the
diagram of )\;, there is no longer any word with a very large \;, the wavelength of the buffering
cells stays between the wavelengths of the two dominant phases. Nevertheless, the wavelengths A;
still remain nearly unchanged in the range 0.2 < A < 0.5, reflecting the unchanged wavelength
and varying phase proportion.

As for the total cell number, the dictionary cell model with A = 4 or 10 gives similar cell
numbers during the phase transition, which is around 20. But we remark that when there are 10
alphabets, under condition (9.32f), the system has at least 20 cells, and the minimal cell number
is reached at A ~ 0.6, thus the results for a larger value of A is less trustworthy as the variations
related to the cell number is blocked by the model itself. This can explain the strange observation
of the convergence of all words around A ~ 0.7 and the divergence afterward.

9.4.2 Integer multicellular model

Whereas the dictionary cellular model considers the system with different phases, the integer
multicellular model does not use the notion of phase, and the cells are individual. Consequently,
as the name indicates, the number of cells (N,) is an unknown integer rather than a real number
in the dictionary cellular model.

The integer multicellular model can be understood as a representation of the wrinkling forms
observed in the simulations as an assembly of individual cells. Figure 9.21 illustrates how the cells
are arranged in the integer multicellular model. For the same reason as the dictionary cellular
model, the system is considered to be symmetric.
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Figure 9.21: Illustration of the multiple cellular model

While the definition of each cell remains the same, there is no more N; associated to each cell
because the cells are individual, hence only (u;, v, ¢;) are needed.

After non-dimensionalization, the volume of the liquid, the elastic and surface energy are similar
to that of the dictionary cellular model:

N1 Ne—1
Viigiud = 2 ( > (X1 + X)) (Hipr + Hy) /2= XiHi> (9.34)
i=1 1=2
Ne
gelas =2 <Z s;as> (935)
i=1
Ne-1
Esurf = 2 (Xo + XN+ Y \/(Xi—H + Xi)? + (Higr — Hi)2> (9.36)
i=1

where X; = ¢;(1 —0;), and the coefficient 2 is due to the symmetry assumption. These expressions
are derived similarly as for the dictionary cell model, consequently, the numerical order of the cells
cannot be interchanged, except a complete reverse of the order.

Then, for a given set of parameters (Hp, L, A), the optimization problem of the integer multi-
cellular model to be implemented into CasADi and IPOPT is:

( min@ : Erot = Eelas + Esurs (9.37a)
Ne
subject to The displacement control: 2 (Z 51-&-) = AL (9.37Db)
i=1
Ne
Match of the membrane length: 2 (Z €i> =L (9.37c)
i=1
Constant volume: Viiquid = 2HoL (9.37d)
Validity of the cells: 1>u; >0, 1>v;,>0, £>0 (9.37¢)

Compared to the dictionary cellular model, the difficulty comes from the unknown cell number
N,, which means that the number of variables 3V, is itself an unknown.

There are several choices for solving such optimization problems. For example, encoding the
presence and absence of variables using binary variables, and then using a Mixed Integer Nonlin-
ear Programming approach (MINLP) to solve the problem. CasADi can be interfaced with the
optimization scheme BONMIN (Basic Open-source Nonlinear Mixed INteger programming) which
solves general MINLP. Attempts have been made to use BONMIN and the MINLP formulation to
find the unknown cell number, but the solver had problems converging. Therefore, we implemented
an algorithm based on the idea of Nested optimization, in which an outer loop selects the struc-
ture of variables and the inner loop solves for optimal values. In our case, the inner optimization
problem is solved by CasADi and IPOPT.

More precisely, we define X; = (u;, vi, ¢;). Then, for a set of given parameters (Hyp, L, A), and
an initial solution X of N2 cells, the algorithm goes as following:
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Algorithm to find the optimal number of cells:
Initial: define the optimization problem with fixed cell number N, = Nt
Solve with initialization X,;;.
Save the solution X and the optimum Eopti (the total energy of the system).
Repeat
Define X;,;: by eliminating from X the variables corresponding to the shortest cell
Define the new optimization problem with fixed N, — 1 cells
Solve with Lnitialization Xinit, find the solution X and the optimum E,p;
If Eopti > Eopti:
Break
Else:
Nc «— Nc -1 X +— X; Eopti — Eopti
If N, = N@it: (decreasing cell number does not decrease the total energy)
Repeat
Define X;,,;; by duplicating the variables corresponding to the shortest cell branch in X
Define the new optimization problem with fixed N, + 1 cells
Solve with Lnitialization Xinit, find the solution X and the optimum FE,,;
If Eopti > Eopti:
Break
Else: N N
Ne ¢ N4 1; X = X5 Eopti < Eopri

Finally, the algorithm finds the optimal cell number N, and the corresponding solution X
composed by the 3N, variables (u;, v, ;).

In practice, the continuation method with control parameter A is used to simulate the loading
process with displacement control,

Results and discussion To compare with the other models, we chose the same system param-
eters (Hy = 6, L = 1000) for the integer multicellular model, and the results are shown in figure
9.22.

Although the diagrams and the form plots look similar to the dictionary cell model, we empha-
size that the cells of the integer multicellular model are individual. In the diagrams of cell number
and force responses, the integer cellular model covers the data points of the discretized system
during the initial stage of deformation. Compared to the dictionary model with 10 alphabets, the
transition happens at a smaller A value, and the hysteresis is also less apparent.

In the force diagram, the internal force predicted by the Lagrange multiplier T is the same as
the internal force P; of each cell, and superimposes on the oscillating growth of P given by the
discretized simulation. But after the on-set of phase transition, 2 — T diverges from the internal
forces P; of each cell, just like the dictionary cell model. In some aspects, this observation supports
our assumption that these differences come from the errors brought by the straight interface
assumptions. When the system is in the homogeneous wrinkling configuration, the interfaces
are globally flat, thus the errors of the straight interfaces is small. For larger deformation, the
interfaces should be more curved under the force actions given by the membrane, hence the straight
interface assumption is less credible.

In the range 0.2 < A < 0.5, the wavelength diagram of the integer multicellular model has
similar patterns as that of the A = 10 dictionary model, showing two principal wavelengths with
some buffering in between. And the total number of cells is in the same range as A = 10 dictionary
model. For 0.65 < A, the cell number decreases, and there are still two principal wavelengths,
unlike the A = 10 dictionary model, which presented a converging-diverging change of wavelengths.
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When A 2 0.78, all the cells are in self-contact. For even larger value of A, the length of each cell
increases. In fact, the elastic energy is inversely proportional to the length of an Elastica arch,
thus longer arches are energetically favorable, which explains the decrease in the total number of
cells.

Because each cell of the integer multicellular model is individual, as opposed to the dictionary
model where the number of cells is a real number, the predictions given by the integer multicellular
model are closer to the discretized full system. Furthermore, it overcomes the problem of jumping
to the spiral shape and gives the predictions for much larger values of A. With this model, we
observed the wavelength transition similar to the experimental observations.

Conversely, the integer cellular model is still based on some strong assumptions, including the
straight interface assumption, the imposed domain of admissible deformation, in which the self-
contact is only a geometry assumption without force responses. For this reason, the validity of the
solutions at very large values of A is under question.

9.5 The critical point of the transition

Based on the 2D model of the soaked membrane shown in figure 9.2, we proposed different models
to study the behavior of the system under displacement control. One of the focuses is the phase
transition, and an important question is when the phase transition happens.

In section 9.2.4, we observed from the simulation results that when the controlled displace-
ment A passes a certain value, the interfaces are no longer straight, and the system enters the
inhomogeneous configuration, which is supposed to be the phase transition stage. We note this
critical load A*; it depends on the system parameters (Ho, L/Hp). As the single cellular model
lacks an appropriate modeling of the interface between two phases, A* appears to be zero. For the
dictionary cell models, A* depends on the number of alphabets. Finally, the integer multicellular
model behaves similarly to the discretized system and therefore brings no additional insights on
A*.

This section presents our investigation of A* from a more analytical point of view. Because the
discretized system is directly derived from the 2D soaked membrane model and is supposed to be
most accurate, we use its data as a reference against which we compare our theoretical analyses.
A more rigorous definition of A* is needed for the discussions, especially for the post-processing
of the simulation data from the discretized system. Therefore, based on the literal definition, we
define the transition criterion as

ma [y () — ()] — min [y () — ()] > 0.3

(9.38)
The left-hand side of (9.38) is the difference between the maximal and minimal liquid height, and
2Hy/(1 — A) is the estimated liquid depth under the straight interface assumption. This criterion
means that the phase transition is considered to have started when the proportion between the
two quantities exceeds 30%. The value 30% is given by the visual observations of the simulation
results, the deformation of the interfaces being perceptible at this value.

We remark that other choices of definition exist. As mentioned in section 9.2.4, when the
phase transition begins, the internal force P does not increase anymore. For this reason, A* can
be defined as the A corresponding to the maximal value of P, but it has been observed in some
case (especially when Hy is large and L/Hj is small) that the interfaces are still flat when P has
already begun to decrease. For this reason, the criterion based on the geometry (9.38) is chosen.

In section 1.6 and 1.7, the examples on liquid drops illustrate the Laplace law in which surface
tension -y links interface curvature to the pressure difference across the interface, balancing external
loading, for example gravity. Additionally, in section 9.2.4, we have mentioned that the vertical
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forces applied on the interfaces by the membrane are related to the capillary pressure difference
across the interfaces. Therefore, we assume that when the sum of the vertical forces exceeds a
certain value, the deformation of the interfaces becomes perceptible. Based on this assumption,
we inspected the reactions of a liquid-air interface under vertical forcing, presented in appendix G.
We discussed how a liquid-air interface deforms when a pointwise vertical local force F' is applied.
An expression between F' and the interface deflection Ay is found.

With these results, we simplify the 2D soaked membrane model to two interfaces under a
vertical force F' in the middle of the interfaces, and its value is equal to the sum of the vertical
forces of the membrane, an illustration is given in figure 9.23.

Figure 9.23: An illustration of the
simplified system to estimate A*.
The action of the membrane on the
upper (resp. lower) interface is sim-
plified to a vertical force F' acting at a
single point on the interface. The vi-
olet and blue regions denote the ini-
tial and deformed shapes of the lig-
uid, respectively. Under the volume
constraint, they have the same area.

Before the onset of the phase transition, the soaked membrane acts like the Elastica confined
between rigid walls, and we have proved that the cellular models presented in section 5.6 can
accurately predict the force reactions of the membrane with the rescaling (9.14). Thus, we use the
cellular models to predict the vertical force F'. Then, F' is used to estimate the interface deflection
A with equation (G.9) in appendix G. Finally, A* is calculated with the criterion (9.38). With
the scaling ¢ defined by (9.14), the force F' as a function of A is given by

; _ 3
=) (9.39)

where f(A), 91(A) are the self-similar values of the global cellular model presented in section 5.6.2.

With Ay defined as in figure 9.23, the criterion (9.38) becomes 2Ay > 0.3%51& Transforming

relation (G.9) into the considered system, we have Ay ~ O.5L(12_A) g, which leads to

2 (0.5L(12_A)) (;Lf(A) (12;1? ﬁl(A)>3> > 0.312quA

5 1 (L)2 (1>2 F(A) - 33 (A) - (1= AP > 0.3 (9.40)
26 Hy Hy 91 - '
At the critical point of transition A*, we have
1 . . Hy
A*_\/ A*) - g3(A*) - (1 — A*)> = Hy - — 41

which means that the product between Hy and Hp/L is a function of A*.

In figure 9.24, we present the data points of the simulation together with the expression (9.41).
Please remark that the black lines is the C'(A*) function multiplied by a factor 1/2. The points
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Figure 9.24: Comparison between the analytical prediction and the simulation data.
The back lines are C(A*)/2, where C(A*) is given by (9.41), and dashed line denotes the
decreasing part. Filled circles are points from the simulation data, and the different
colors mark the value of parameter Hy. The red dotted lines mark the cases in which
no phase transition was observed.

(filled circles) are data from the simulation of the full discretized system. The different colors mark
different values of Hy, and the red points are related to the simulations in which the criterion (9.38)
has never been met, and the red points are the A at which the simulation fails.

Regardless of the 1/2 factor, our analytical approach recovers the global tendency of A*, and
also predicts the cases when the phase transition does not occur. The source of the factor 1/2 is
under discussion, it may come from the oversimplified model given in figure 9.23. Another possible
explanation can be the imprecise prediction of the vertical force F' by the cellular model.

9.6 Discussions of the soaked membrane

In this chapter, we proposed a 2D model for the soaked membrane system in the one-dimensional
compression experiments, aiming to recover the experimental observations of the wrinkling patterns
and the phase transition phenomenon. This 2D model assumes an inextensible membrane being
confined inside an incompressible liquid layer, and after the dimensional analysis and the non-
dimensionalization, we derive that the system depends on the parameters (Hy, L/Hp,A). For
further analysis, (Hp, L) serve as system parameters and A is the loading control.

The first approach consisted of using CasADi and IPOPT to solve the discretized system. With
this method, a parametric study was performed, which helped us to determine the range of Hy
and L/Hy, in which the numerical simulations showed similar behaviors as the experiments. These
results also gave us the first insights into the behaviors of the 2D soaked membrane model. The
homogeneous wrinkling patterns and the forms similar to the early stage of the phase transition
were observed, but the first discretized system fails at the overturning limit, preventing further
investigations for larger values of A. To solve this problem, the decoupled system was proposed,
and a spiral shape was found just after the overturning point, which rarely occurred experimentally.

Moreover, analytical approaches were also used. The first category of models is the single
cellular model, considering the system as a repetition of the same cell. This model has two variants
(i) the simplified single cellular model, and (ii) the complete single cellular model. As the interfaces
were observed to be nearly straight in the simulations, we proposed the simplified single cellular
model, which can be directly derived from the cellular model of the confined Elastica problem with
a different rescaling. The second variant is the complete single cellular model, which has a more
precise geometry for the interfaces. Little differences were observed between the two variants for
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Hy z 3, which is in the chosen range of Hy. And the valid solutions of the two models have the same
range of A, confirming the good approximation of the simplified cellular model. We then compared
the predictions of the simplified cellular model with the discretized system simulation and found
that the former was yielding an average solution of the latter. Furthermore, it was shown that with
a rescaling, the solutions of two transitional cell models (PtC/ExtC and HgF /PtC) of the confined
Elastica capture the general variations of the solutions of the soaked membrane in the homogeneous
wrinkling stage. After that, the total energy of the system was estimated with the single cellular
model, and it turned out to be a non-convex function, indicating the possible occurrence of a phase
transition. According to this energy potential, the phase transition should happen as soon as the
imposed contraction is applied, which is not the case for both the discretized system simulations
and the experimental observations. Assuming that this discrepancy came from the lack of local
variability of both the membrane and the interfaces, we then proposed the multicellular model.

As the name indicates, the multicellular models use more than one cell type to model the
wrinkling pattern. More precisely, we proposed two multicellular models, the dictionary cell model
and the integer multicellular model. The former is based on the idea of phases, and the latter
separates the whole system into individual cells. For both models, the interfaces are assumed to
be piecewise straight, and the different cells of the membrane are represented by the interpolated
analytical solutions of the planar Elastica. It turned out that both models could find solutions
for larger values of A, but the solutions of the dictionary cell model depend on the imposed
phase number, which blocks some degrees of freedom of the model, while the number of cells in
the integer multicellular model is, by construction, an unknown integer, and does not have this
problem. Notably, for the two multicellular models, we observed that beyond the homogeneous
wrinkling stage, a large proportion of the membrane was either spent in the less deformed cells
(low height) or the highly curved (self-contact) cells (high height). Between these two are the
transitional cells with gradually increasing height. As A increases, the proportion of self-contact
cells increases. Besides, the wavelengths of the two dominant phases stay nearly the same, in
agreement with the experimental observations. However, we remark that no transitional zone
was observed in experiments, and the side view of the membrane under large A is not available
experimentally, due to a lack of proper techniques. Thus, whether our models represent what
happened experimentally is still to be discussed.

Considering all the results of the different models mentioned above, we assume that in the
experiments it was a dynamical transition that occurred when the system arrived at the over-
turning point. For the theoretical 2D model, the fluid can rearrange freely across the membrane
instantaneously when one of the folds skews, and the membrane easily passes to the spiral shape.
Conversely, in the experiments, the porosity of the membrane hindered the flow of the liquid and
the snap toward the spiral shape. We conjecture that the folds then adapt to the self-contact
geometry, eventually leading to the compact packing of the collapsed region.

Finally, we discussed how the critical point of the phase transition A* depends on the system
parameters Hy and L/Hy. The criterion of A* was given with the geometry of the interfaces. Then,
with the help of a simplified representation of the interfaces and the solution of the simplified single
cell model, we found a relation between Hy - Hy/L and A*. It was revealed that this prediction is
in close agreement with the simulation data, given a factor 1/2 which needs to be understood.

The disagreements between the numerical results and the experiments could be one of the
future investigations. The assumption that dynamical effects preventing the fluid from crossing
the membrane instantaneously can be tested by adding conditions on the local liquid volume related
to each cell. A more comprehensive improvement is to add dynamical effects like viscosity and
diffusion into the discretized simulation. And it is also interesting if any experimental technique
can be developed to observe the side view of the soaked membrane during the phase transition.
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Conclusion and perspectives

This thesis investigated the packing of slender structures under both solid and liquid confinements,
motivated by applications ranging from the deformation of cables in industry to the mechanics of
biological systems such as spider silk and cell membranes. The interplay between geometry, elas-
ticity, and confinement governs a wide spectrum of physical behaviors. The central objective of
this work was to establish theoretical and numerical frameworks capable of describing packing phe-
nomena across two classes of confinement: rigid boundaries (solid-solid packing) and deformable
liquid interfaces (liquid—solid packing).

Methodological and theoretical contributions
Several methods were applied across the thesis, for both confinement types:

e Numerical approaches: formulation and implementation of constrained optimization
problems; treatment of beam-to-beam contact; integration of stability and bifurcation anal-
ysis.

e Theoretical tools: dimensional and self-similar analyses; variational formulations; cellular
models for repetitive packing patterns; von Karmén approximations and exact analytical
solutions of the Elastica.

These tools enabled systematic exploration of confined Elastica systems and their extensions
to liquid-mediated confinements.

Solid—solid packing

The first part of the thesis focused on the Elastica confined between rigid walls under two bound-
ary conditions: wall-attached and centered configurations. Simulations provided quantitative ref-
erences for theoretical analyses.

For the wall-attached configuration, we established phase diagrams, explained deformation
processes, and introduced cellular models. A key feature was the self-similarity of the problem,
which allowed predictions to be generalized for any wall height and which provided universal scaling
laws for packing responses.

For the centered configuration, attention was given to bifurcation and stability. A soft-wall
potential method was introduced, and the stability of hanging-fold and extended-contact states
was investigated. While stability of the extended-contact state was confirmed in the discretized
system, questions remain for the continuous limit.

A comparative analysis demonstrated that the boundary conditions primarily affect the period
of variation in force responses, while the global magnitude of the force responses remains similar.
The universality of the self-similar solutions was confirmed across the two configurations.
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Conclusion and perspectives

Outlook (solid—solid case): Future work could address the onset of spiral formations, provide a
more detailed study of boundary effects in the centered configuration, and extend stability analyses
to continuous systems.

Liquid—solid packing

The second part of the thesis addressed confinement by liquid interfaces, motivated by experimental
observations of drop—fiber systems and soaked membranes.

In the drop—fiber system, we studied elasto-capillary buckling and coiling. Numerical models
reproduced known behaviors of 2D disk-like drops, and were extended to deformable drops, reveal-
ing how surface tension and interface geometry influence force responses and trapping efficiency.

In the soaked membrane system, simulations reproduced early-stage wrinkling behaviors and
indicated the possibility of phase transitions consistent with experiments.

The self-similar solution of the cellular models originally developed for solid confinement was
adapted to the soaked membrane model with an appropriate rescaling, successfully capturing the
general behaviors of the membrane during the wrinkle creation stage. At larger deformations, mul-
ticellular models captured two dominant wavelengths, offering a framework to interpret observed
phase-like transitions.

Outlook (liquid—solid case): Open questions include understanding why the spiral state rarely
occurred experimentally. To verify our assumptions, dynamical effects such as viscosity and dif-
fusion can be added to the model. Another perspective is to validate our models with advanced
experimental imaging techniques. Extensions to three-dimensional geometries and applications in
material design also represent promising directions.

Overall significance

Taken together, the results of this thesis extend classical theories of slender-body confinement by
incorporating elasto-capillary interactions and demonstrating how liquid interfaces can serve as
adaptive confinement reservoirs. The key contributions can be summarized as follows:

o Frameworks for studying slender-structure packing across rigid and liquid confinements.

o Insights into self-similarity and universality in solid confinement, enabling general predictions
of deformation and force responses.

e Use of cellular models in systems with liquid confinement, providing tools for interpreting
experimental observations of the soaked membrane.

In conclusion, the thesis contributes to the broader understanding of packing phenomena by
bridging solid—solid and liquid—solid confinements within a unified theoretical and numerical frame-
work. By elucidating the roles of elasticity, capillarity, and geometry, it advances both fundamental
knowledge and applied perspectives in soft-matter physics and engineering.
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Appendix A

Some important IPOPT parameters

tol: Desired convergence tolerance. This is the € of equation (6) in Andreas Wéchter
and Biegler (2004). This criterion measures the optimality error for the original problem,
ensuring the non-violation of the constraints. It is the main criterion that terminates the
algorithm. Other criteria, including criteria related to constraints and barrier parameter, are
complementary to this criterion. (the default value is 1078)

mu_target: Desired value of complementarity. This is a parameter only to be changed when
one want to terminate the algorithm for strictly positive barrier parameter p in problem
(1.24). (the default value is 0)

mu_init: The initial value of barrier parameter. (the default value is 0.1)

mu_min: Minimum value for barrier parameter. Remark that it is not a criterion of termina-
tion. (the default value is 10711)

bound_frac: Desired minimum relative distance from the initial point to bound. This is kg
in section 3.6 of reference Andreas Wéchter and Biegler (2004). (the default value is 0.01)

bound_push: Desired minimum absolute distance from the initial point to bound. This is k1
in section 3.6 of reference Andreas Wéchter and Biegler (2004). (the default value is 0.01)

slack_bound_frac, slack_bound_push: These are similar to bound_frac and bound_push,
but related to the initial slack variables.

warm_start_init_point: Indicates whether use a warm start initialization, where values of
primal and dual variables are given. Possible values are "yes", "no". The primal variables
are the unknowns of the problem and the dual variables are the Lagrange multipliers of the
constraints and the slack variables. This definition comes from the notion of linear program-
ming. If not warm starting, only primal variables are initialized. Related initialization setting
starts with warm_start, like warm_start_bound_push, warm_start_bound_frac, they are
the same as the parameters for the regular initialization. (the default value is "no")

For more detailed description of the options, please vist the website of IPOPT documentation'.

'https://coin-or.github.io/Ipopt/OPTIONS.html
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Appendix B

Implementation of mixed formulation
in Python with CasADi

Here we show an example of the implementation of optimization problem (2.24) using programming
language Python and the package CasADi.

We first define the solver using CasADi opti stack, which is a collection of CasADi helper
classes:

import casadi, time; import numpy as np
import matplotlib.pyplot as plt

HHHHAEAAAHHHREHR - ——— - mesh points ----- HA#AHHHHBRARHH
nb_s = 100; s = np.linspace(0, 1, nb_s); ds = s[1]
H###H - - ——— set casadi optimisation problem ----- H##HHH

opti = casadi.Opti()

########## Variables & parameter #H####HH#HH#H#H#H

# variables : curvature, angle, position x and y

kappa = opti.variable(nb_s-1); theta = opti.variable(nb_s)

X = opti.variable(nb_s); y = opti.variable(nb_s)

delta = opti.parameter() # parameters: end-shortening

HHHHHAHBAHAR#ER constraints HHEAHHAHAFHAHHAH

opti.subject_to([ # trapezoidal Super-Helices & mixed formulation
theta[1l:]-theta[:-1]==ds*kappa,
x[1:]1-x[:-1]==ds*(casadi.cos(theta)[:-1]+casadi.cos(theta)[1:])/2,
y[1:1-y[:-1]==ds*(casadi.sin(theta) [:-1]+casadi.sin(theta) [1:])/2])

BC_cdt = [ # boundary conditions
x[0] == 0, y[0] == 0, thetal[0] == 0
x[-1] == 1-delta, y[-1] == 0, theta

opti.subject_to(BC_cdt)

HHHHAARHHBAARAH#E ODjective HHARHHHHARHHHARS

energy = 0.b5%casadi.suml (kappa**2)*ds; opti.minimize (energy)

###### Set solver method and options #HH#####

opti.solver (’ipopt’, {’ipopt.print_level’: O, ’print_time’: 03})

[-1] == 0]

Then we set the endshortening A, initialize and solve the problem with:

7 delta_value = 0.2 # value of endshortening

opti.set_value(delta, delta_value) # set values for delta

# the initial guesses of all variables

k_v0 = 4xnp.pi*np.sqrt(delta_value)*np.cos (2*np.pi*s[1:])

t_vo0 np.insert (np.cumsum(k_v0)*ds,0,0)

# set initial guess

opti.set_initial (kappa, k_v0.tolist()); opti.set_initial(theta, t_vO.tolist())

179

— &S



34
35
36
37
38
39

4(

41
12
13

44

APPENDIX B. CODE CASADI: PLANAR ELASTICA

start_time = time.time(); res = opti.solve() # call casadi to solve the problem
print ("Solved in %.4f seconds" ¥%(time.time() - start_time))

print (r"Number of variables: ", opti.x.shape)

print (r"Number of Lagrange multipliers: ",opti.lam_g.shape)

# show results

plt.figure(); plt.plot(res.value(x), res.value(y))

plt.xlabel ("x"); plt.ylabel("y"); plt.grid(True)

plt.title("shape of the Elastica")

plt.gca() .set_aspect(’equal’); plt.show()

# Horizontal force P (Lagrange multiplier of condition x(1)=1-delta) and energy
print ("P: %.3f, Energy: %.3f"%(res.value(opti.dual (BC_cdt[3])),res.value(energy)))

Outputs:!
Solved in 0.0110 seconds
Number of variables: (399, 1)
Number of Lagrange multipliers: (303, 1)

shape of the Elastica

0.2 1

0.1 1

0.0 1

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

P: 43.914, Energy: 8.320

'Platform: macosx-10.9-x86_ 64, Python version: 3.9.18 (packaged by conda-forge), CasADi version: 3.6.4
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Appendix C

Analytical solution of the planar
Elastica

We consider a branch of Elatica clamped at two ends. The system is adimensionalized with
bending stiffness £ and the length of Elastica L. The Elastica deforms under horizontal force P
and vertical force f, shown in figure C.1.

A
y A »
——
s=1
/|
7
7
o >
X

Figure C.1: A branch of Elastica

The differential equations of Elastica are

7'(s) = cosf(s), y'(s) = sin(s) (C.1a)
0" (s) + P sinf(s) — f cosO(s) = 0, (C.1b)
with boundary conditions 2(0) = y(0) = 0 and #(0) = 6(1) = 0.

C.1 Integrals of the Elastica equation

The above system can be integrated and give some useful relations. Here we limit to 2D config-
uration. In the work of Kehrbaum and Maddocks (1997), a more comprehensive study of elastic
rods in 3D gives the integrals of different rod descriptions.

C.1.1 Direct integration

From (C.1), we can reformulate (C.1b) as

0"(s) + Py'(s) = fa'(s) =0
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Integrating from s = 0 to an arbitrary s gives

0'(0) = 0'(s) + Py(s) — fa(s) (C.2)

C.1.2 First order integration

Another integral can be obtained by integrating equation (C.1b) multiplied with 6'(s):

d (1
/9"9' +P0'sinf — f& cosfds = /£ <29’2 — P cosf—f sin9> =0,
which leads to a constant along the Elastica
1
Ly = 59’2(5) — P cosf(s) — f sinf(s). (C.3)

This constant I,,, is usually called the Hamiltonian (Dichmann, Li, and Maddocks, 1996; Kehrbaum
and Maddocks, 1997). Using this conserved quantity with boundary conditions #(0) = 6(1) = 0,
we have

1 ,2 1 .9
~0%(0)—P=-0%1)—P

and this leads to the equality between the absolute curvature at the two ends of the Elastica:
0'2(0) = 0"*(1). And we can again use equation (C.1a) and deduce a relation about the bending
energy of the system

! 12 1 12
/0 0°(s) ds = 50°°(1) — P(1 = 2(1)) + f y(1). (C.4)

C.2 Analytical solution

The equation (C.1b) is an analogy with the equation of pendulum. With the nice symmetric
property of the equation, adding the fact that the boundary conditions are symmetric, the solution
is symmetric around s = s; = 0.5, and €'(s;) = 0.

We define
Q= /P2 + f2% (C.5a)

Siné:#:i.
VP Q

With a change of variable a(s) = 6(s) — 0, then the Elastica equation can be written as
a”’(s) +Q sina(s) = 0. (C.6)

Multiplying this equation by o/(s) and integrate, we have

1 (da\?
B (di) — @ cos a = constant = —(Q) cos «; (C.7)
where a; = a(s;).

a/(s) is equal to #'(s) and is positive for s € [0,0.5], thus, we have

d i
d—a = /2Q+/cos o — cos a; = 21/Q/sin? % — sin? %. (C.8)
s
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We introduce o(s), such that
ols)
2 (C.9)

T
Sln2

sin

sino(s) =
Then the previous equation becomes

LN e ©10

with p = sin® 5. And we have

ds = \/1@(1 — usin® o)™ V2do (C.11)

To solve this, we introduce the first and second kind of elliptic integral
o
F(o,m) :/ (1 — msin® 6) /246, (C.12)
0
¢
K (6, m) :/ (1 = msin® 0)"/2d9, (C.13)
0
and also the Jacobian elliptic functions
¢ =am(u,m), sin¢ =sn(u,m), cos¢ =cn(u,m), given u= F(¢,m) (C.14)

From the boundary conditions, we know o(1/2) = /2. We suppose o(s) = 0, and we know
F(0,m) = 0. Then with equation (C.10),

F(r/2, 1) = VO (; - s> , (C.15)
F(o(s),n) =VQ (s —5). (C.16)

In fact, given p and @, the system has a unique solution. Here we express the solution 6(s),
other geometry functions (k(s), z(s), y(s)), and the forces P, f as functions of u and Q.
Knowing 1 and @, equation (C.15) gives 8, and we can solve for any o(s) for s € [0,1/2] with
equation (C.16), which leads to the expression of a(s).

o(s) = am(v/Q (s - 5) , ) (C.17)

sin% = /psino(s) = /usn(v/Q (s — 3), p) (C.18)

From definition, P = Q cosf. Because 6(0) = 0, P = Q cos &(0), and we have
P=Q <1—2sin2 O;O) = Q(1-2psn*(-VQ5, ) . (C.19)
Then f is simply 1/Q? — P2

The geometry functions are related by differential equations

K(s) =0'(s) = o/(s), (C.20)

2'(s) = cosf(s) = cos acos f — sin asin b, (C.21)

Y/ (s) = sinf(s) = sin a cos @ + cos arsin 6. (C.22)
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With equation (C.8) and (C.18), we have the expression of x(s)

(5) = (5) =2/ (1 - sn2 (V@ s~ 5), )

(C.23)

To calculate z(s) and y(s), we need to integrate cos a and sin v using the elliptic integrals and

relation (C.11) for the change of variables

/cosad:;:/ 1—2,usin20ds:2[/ 1—,usin2ads]—s
0 0 0
2 /U(s) o \1/2
= — 1—psin“o do| —s
e [ (0) ( )

=0 [K(0(s), n) = K(a(0), )] — s,

S S o o S
/ sinads:/ QSin—cos—ds:Q/ Vasinoy/1 — usin? o ds
0 0 2 2 0

= M J(S) sinocdo = 2\/117 COS O — COSO\(S

V) /o(o) ‘ V@ [cos 7(0) ()]
2\/p _ -

= \/5 [Cn(—\/Qs, 1) —en(vVQ (s —5), u)} :

Then z(s) and y(s) are
x(s) = cosé/ cos ads —siné/ sin ads,
0 0
y(s) = cosé/ sinads+sin§/ cos ads.
0 0

We can also derive the bending energy of the system

192 1/2 /2 1/2
E= / —ds = 2/ —ds = / 4Qu(1 — sin’® 0)ds
0o 2 0 2 0
o(1/2) 9 \1/9
= / 4/Q(1 — psin® o) 2do 4+ 2Q(p — 1)
a(0)

— VG| K (G~ Ko0).0)] + 20~ 1)
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Appendix D

Flexible sliding sleeve

In section 4.2.1, we have presented an example showing how an additional term appears when the
material of the system varies, and here we use another example of sliding sleeve to show how to
numerically implement problems with varying boundaries. The setup of the example is shown in
figure D.1. Part of a fiber (orange) of length L and bending stiffness a; is inserted into a flexible

Figure D.1: Setup of the flexible sliding sleeve problem. A elastic fiber is inserted
into a flexible tube, the whole system deforms under the momentum 7, imposed at
the extremities.

tube (green) of the same length and bending stiffness as.

The positions of the two ends are fixed with distance L — £y, where £y is the length of the
insertion when the fiber and the tube are in their undeformed shape. The same momentum Ty is
imposed at both ends. As the fiber and tube deform, the length of the overlapping region varies,
we use £ for the length after deformation.

This system can be considered as four physical parts, the fiber inside/outside the tube, the
tube with/without the fiber, but for the analysis we will treat the overlapping region as one
part, then the three parts all have varying length, which leads to the possible appearance of the
‘configurational force’ similar to the rigid sliding sleeve example.

To implement this problem numerically, we can use one of the discretization schemes of section
2.2, for example the Super-Helices or Super-Clothoid, and apply it to the three parts of the system,
see figure D.2a. We consider Ny edges in the part I, and we use (-)!, (i = 0,..., N7) to mark the
discrete variable, the same is done with Ny and N3 for the two other parts. The key point is the
varying length. To tackle this, we define a fixed mesh grid o;, with o9 = 0 and oy, = 1, where
k = 1,2 or 3, and the mesh for the deformed shape is obtained by scaling the fixed mesh with factor
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Ly, the actual length of part k, see figure D.2b. Then, the element length ds of the discretization
scheme is actually £, d0.

¢, 60
—

$4=0 Nl 5'31725’] So e Sk Sh=t,

L}
G gl

X x > _/

i 0,=0 0,=66 0,=200 --- O ovi=1
(a) Illustration : the discretized system (b) Curvilinear transformation

Figure D.2: Numerical implementation of the flexible sliding sleeve

We formulate the optimization problem of the discretized system:

min o = & + E + E — Ty 05 + Ty O}/, (D.1a)
subject to geometry conditions for the mixed formulation, (D.1b)
l’é = yé =0, mfvg =2L — {y, yjl\g =0, (D.1c)

Oh, =00", i, =20y yh, =0 (D.1d)

O, =06" ah, =g N, =l (D.1e)

01+l —L =0, ly+ U3 —L =0, (D.1f)

where & is the elastic energy of part k, a function of the geometry variables and the part lengths
ly..

As there is no inequality constraints, we can implement the problem with CasADi, requiring
the first derivative of the Lagrangian to be zero. Further we can calculate the eigenvalues of the
projected Hessian for the stability analysis. This implementation is similar to that of the hanging
drop example in section 1.7.2.

The forces and momenta of the system hides behind the Lagrange multipliers. The Lagrange
multipliers of the discrete geometry condition #’ = x are the momenta along each part, and
the Lagrange multipliers of the discrete geometry condition on z’ and 1’ are respectively the
horizontal and vertical internal forces, we note them n% and nl , where p = I, II, or 111, and
i € [1,2,...,Np]. Because there is no external forces applied along the structures, and z and y
only enter the problem as boundary conditions, nf have the same value, also for nl , meaning the
internal forces are constant along each part. The Lagrange multipliers of boundary conditions of
0, x and y are respectively the momentum, horizontal and vertical forces given by the support.
Because of the geometrical continuity conditions (D.1d) and (D.le), the forces and momenta are
continuous for the three parts, and the relative Lagrange multipliers are the forces and momenta
at the transition points. Finally, the Lagrange multipliers of the conditions D.1f have the same
dimension as forces, They are the constant of Elastica equation, called the Hamiltonian in some
literatures. The Hamiltonian defines as

gﬁ2 +ng cos + ny sind, (D.2)

where a is the bending stiffness and n, and n, are the constant internal forces. In the comprehensive
study of Neukirch, Corso, and Vetyukov, 2025, it has been shown that the Hamiltonian is conserved
both along the tube and fiber, even for the overlapping part.
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Next, we show the numerical solutions of some setups with different parameter values. In the
first place, solutions of symmetric configurations are given, meaning the fiber and tube have the
same length and the same bending stiffness. After that, we introduce non-symmetry, setting the
bending stiffness to be different for the fiber and the tube. Note that the numerical values are
calculated with dimensionless system with length scale L and force scale as/L?.

D.1 Symmetric case

First, we set the symmetric configuration with a; = a9 and ¢y = 0.5, solutions of different T
are calculated with the arc-length continuation method presented in section 1.4.3, the length of
overlapping part and the maximal y position as functions of T are shown on the left of figure
D.3, and we also mark the stability indices on the curve. On the right side, three solutions with
of different Ty are plotted. Increasing Ty from the unloaded configuration, we can see that the

ay = 10, a; = 10, L= 1, lo =0.5

i To=0.65,1=0.45, index=0
N *
0.2 -
041 \ //"’.‘ “\*‘\
° !ndex=0 , 0.0 4
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0.2 1 —-= index=11 // T T T T T T T
) , 0.00 025 050 075 1.00 1.25 1.50
article * ;
Re To=0.65,1=0.09, index=1
0.0 ¥ *
4 0.4 -
max(y) > 0.2
0.6 1 BN 0.0
\*\ 0.00 0.25 0.50 0.75 1.00 1.25 1.50
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Figure D.3: Solutions of the flexible sliding sleeve with a7 = a2 and {3 = 0.5. On
the left, evolution of / and maximal height are plotted with the stability index, and
are compared to the results of reference. On the right, we show the forms of three
solutions marked by stars on the branches.

overlapping length ¢ decreases while the maximal height increases. This is expected and conforms
to the intuition. However, when Ty reaches to the turning point, the solutions become unstable
(index=1), while the overlapping part still exists. This can be understood as a sudden ‘popup’
of the fiber from the tube. Further on the branch, the length of the overlapping region becomes
negative, and the stability index suddenly increases to 11.

In figure D.4, we change the initial length of the overlapping part g to 0.1. In this case there
is no more unstable branch with non-negative overlapping length. This means that the fiber is
pushed out of the tube as Ty increases, without the sudden ‘popup’.
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a1=1.0,a,=10,L=1,4,=0.1
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Figure D.4: Evolution of / and maximal height of the flexible sliding sleeve with
a1 = ag and {5 = 0.1.

D.2 Asymmetric case

Asymmetries can be introduced by selecting different values for the bending stiffnesses of the fiber
and the tube. Here we choose aj/as = 1.5, and keep £y = 0.5, the solutions are shown in figure

D.5.
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Figure D.5: Solutions of the flexible sliding sleeve with a;/as = 1.5 and ¢y = 0.5. On
the left, evolution of / and maximal height are plotted with the stability index, and
are compared to the results of reference. On the right, we show the forms of three
solutions marked by stars on the branches.

Same as the symmetric case with £y = 0.5, there are unstable solutions with positive £ after the
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turning point, indicating the possible occurrence of a sudden popup of the fiber. The difference in
the bending stiffnesses leads to non-symmetric shapes, shown on the right side of figure D.5.

We show one of the solutions for the configuration a;/as = 1.5 and ¢y = 0.5 in figure D.6,
and jumps can be observed in forces and bending momenta. In section 4.2, we mentioned that
the configurational forces appear when the system has moving boundaries. In this case, this is the
reason for these jumps.

a;=15,a,=10,L=1,/,=0.5To=1.0

Forme of the system K
0.4 4 —0.6
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> >
0.0 -1.01
-0.2 ~124
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“l24 et _dr | || e ____
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0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5

S S

Figure D.6: The geometry, momenta and axial forces of case a;/as = 1.5 ¢y = 0.5, and
Tp = 1.

Although we have explained that the forces and bending momenta are continuous for the
three parts, the overlapping part is indeed a composite of the fiber and the tube. When consider
separately, both the fiber and the tube have forces and momenta jumps between the external part
and the overlapping part. Because the momentum is continuous between the external parts and
the composite part, which have different bending stiffness, there are jumps of the curvature x for
both the fiber and the tube. Thus, there are jumps in momentum when the fiber and the tube are
considered separately.

We also plot the internal axial forces n?, cos 6} + nb sin 6} in figure D.6. This is calculated by
the fact that the Hamiltonian (D.2) is conserved for both the fiber and the tube. Once again, the
axial force is continuous when the overlapping part is considered as a whole and jumps appear
when it is separated into the fiber and the tube.

Although it is still controversial to use the term configurational forces to explain the these
jumps, this example shows the force and bending momentum discontinuities when the structures
have moving boundaries.
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Appendix E

Spiral form of the confined Elastica

In the wall-attached confined Elastica problem, we mainly study the formation and different con-
figurations of the wavy patterns. When the end displacement A is large enough, the wavy patterns
will be replaced by one large fold, as it is more energetically favorable than the wavy pattern. Be-
cause its ‘S’ shape, we call this state the spiral, see figure E.1. The Elastica in the spiral state can

F=f+f.

Figure E.1: Musch compressed state of confined Elastica : spiral state.

be considered as two branches of free Elastica joined at the point attached to the upper wall. For
this reason, we write out the system of equations for the dimensionless system

a'(s) = cosf(s),

)

y'(s) = sind(s), E.1Db)
0" (s) = —Psinf(s) + f1cosf(s) s € [0, S (E.1c)
0" (s) = —Psinf(s) — focos6(s) S € [$m, 1] (E.1d)

with boundary and continuity conditions

0(0) =0 2(0) =0 y(0) =
0(1)=0 z(l)=1-A y(0) =

(E.2a)

0,
0. (E.2b)
At the conjunction point s = s,,, the geometry variables k = ¢, 6, x and y are continuous, and
0(sm) = 0. Remark that f; and fy are different, and the force jump at the contact point s, is
given by the upper wall, that is F' = f1 + fo.

We use the shooting method to solve this system of equation. We choose H = 0.1, and on the
left side of figure E.2, we compare the shooting results total energy, P and F' with that obtained by
energy minimization with IPOPT. The form of Elastica found by system (E.1) for several chosen
A are drawn on the right.

Firstly, the solutions found by ODE system (E.1) coincide well with that of energy minimization
method. The energy curve proves that the energy of spiral is much lower than the wavy form when
A is large. For this reason, when solved by minimization method with decreasing A, the curve
sticks longer to the spiral state, the phenomenon is also known as the hysteresis.
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Figure E.2: Solutions of the spiral model. On the left, the solutions are compared
with IPOPT solutions, the stars mark the form of Elastica shown on the right.

For the forces, we can see that they are much lower than the wavy state, which means a smaller
impact on the walls. This may be interesting for applications searching for packing forms with
smaller impact on the wrap. Moreover, the horizontal force P is in general negative for the spiral,
which means we are not pushing the Elastica into the channel, but holding it from retraction.
In fact, the less curved part is ‘pulled’ by the highly curved ‘S’ part, this is also related to the
transition from the wavy state to the spiral: one highly curved part has the tendency to ‘devour’
other parts and form the spiral.

Finally, the two parts ODE model is very simplified, and it is representative for the real situation
only for a small range of A, For example, the third form in figure E.2 exhibits the problem of self-
penetration, and the fourth form is moreover passing outside the walls. To find solutions more
relevant to reality, we apply the contact constraints described in section 3.2 to the spiral, please
see the next part for more details.

E.1 TPOPT solving with self-contact constraints

Although using CasADi and IPOPT solving the problem by optimization problem formulation 5.1
confines the Elastica between the walls, it does not prevent self-penetration. To conform the real
experiments when solving the problem numerically, we restrict the Elastica to stay in the space
defined by its left and right ends, and we use the contact algorithm described in section 3.2 to
prevent self-penetration, the implementation of which is similar to that of section 3.4.1.

In figure E.3, we superimposed the energy and forces curves found by the contact algorithm to
that of other methods. To better illustrate the solutions, we choose three forms with self-contact
feature at different A, and plot them on the right side of the figure.
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Figure E.3: Solutions of IPOPT adding self-contact constraints (the green lines).
Some solutions, marked by the stars, are shown on the right.

When self-contact is present, the energy curve is above the curves found without self-contact
feature, and the same is true for the curves of horizontal and vertical forces. This is expected,
because when there is self-contact, the Elastica bends harder to fit the non-penetration constraints,
thus the elastic energy is larger. As for the forces, the self contact point also gives force responses,
which we have already observed in the self-contact Elastica problem in section 3.3. However, when
the Elastica is highly packed, for example in the state marked by the magenta star, the force
responses decrease compared to the slightly packed state. The highly packed stage is out of the
scope of this study, and may be a subject for the future investigation.
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Appendix F

The total cellular model: Lagrangian
and equations

With the definition of the energy and the constraints defined in section 9.3.2, we apply the varia-
tional method and construct the Lagrangian £ = L[0(s), x(s), y(s), Tu, Bu, 71, B1, D1, Dy, £]:

L 2]
L= e{/ 59/2(5) ds + 7 (rufu + 118 + Dy — D)
0

D
—l—/ l ng1(s) (@' — cosf) + nyi(s) (v — sinf)ds
0

Dy
+ ng2(s) (2 — cosb) + nya(s) (y — sinf)ds
Dy
¢
+/ na3(s) (2 — cosB) + nys(s) (v —sinb)ds (F.1)
Dy

Dy 1
. [_ | wads + 2(Da) y(Du) = 5736 — sin fu cos o)
0 2

¢
+ /D ya'ds + [x(Dy) — x(0) y(Dr) — %7“12(51 — sin B cos B;) — %Ho]

—nu [2(Dy) — 1y sin By] — i [2(Dy) — 2(€) + 1y sin By] — Tz (f) — £(1 — A)]}

with the continuous Lagrange multipliers ng;, ny; (¢ =1, 2, or 3) and scalar Lagrange multipliers
D, Nu» M, T'. Please remark that the physically n.;, n,; are the internal forces along the membrane,
and it has been discussed in the example of planar Elastica in section 1.5. The Lagrange multiplier
of the volume constraint p has the same dimension as the pressure, and the Lagrange multipliers
N, M and T has the same dimension as a force.

We now compute the first variation of £ and require it to vanish for all admissible variations.
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After integration by parts we obtain

_ LB
E:O:—ng{/o 29,2(8)d5—|—’7(’l"uﬁu—|—’l“lﬁl—|—Dl—Du)}
L)1 /2 ¢ 1 A
+7 105 BY (£)+/ —B6"6ds + B[0'6)}
0

+7 ('Fuﬁu + 1uBu + T+ 1B+ Dy — Du)

Dy _ _
+ /0 [—n;@ + nzp10sin g — n;ﬂj — ny10 cos 0} ds + [nxl:i"]éjl + [nylﬂ]oDl

Dy, _ _
+ [—n;ﬂ + Ngolf sin @ — n;2§ — ny20 cos 9] ds + [nmga_c]gf + [ny2ﬂ]gf

u

D,
4 _ _
+ /D [—n;:@ + N30 sin @ — ny37 — ny36 cos 0} ds + [ne3@)H, + [nygg]ﬁ,u

_ Dy, Dy,
—p [—Duy(Du)x'(Du) - / yr'ds + y'zds — [yz)5m
0 0
= (F.2)

+2(Du) Y(Du) + Dy’ (Du) y(Du) + (D) §(Du) + (D) y (D) Dy

- Furu(ﬁu — sin 3, cos ,Bu) - %Tgﬁu(l — Ccos 2ﬁu)

_ _ 4 14
— Dy (D) (Dy) + Ly(O)a' () + | ya'ds — / y'zds + [yz]},
Dy D,

+ [2(Dy) — x(0)] g(D1) + [2(Dr) — x(6)] ' (D1) Dy
+ [2(Dy) = 2(0)] y(Dr) + [« (D) Dy — ' (0)€) y(Dy)
— 7yry(By — sin By cos ;) — %r?ﬁ_l(l —cos20;) — 2Hol7]

— Ny (Li(Du) + 2'(Dy) Dy, — 7y sin By — 1y By cOs Bu)
o/ <a‘c(Dl) + 2/(Dy) Dy — z(0) — ' (£)0 + 7y sin B + r; 3 cos Bl)

-T

z(0) + ' (0)0 — ix(ﬁ)] }

Firstly, from the variation of the continuous variables 6(s), z(s) and y(s), we obtain the differ-
ential equations:

BO"(s) = ng1(s)sinf(s) — nyl(s) cosf(s) s e 0, Dy (F.3a)
np =—py' & nyy = pa’ |
BO"(s) = ng2sinf(s) — nys cosf(s) s € [Dy, Dy] (F.3Db)
ng2 and nyo are constants

1 — ] —
B0"(s) = ng3(s)sinf(s) — ny3(s) cos O(s) s € [Dy, ] (F.3¢)
nlx?) — py/ & n:/yg = _pxl

These equations can also be derived by using the Euler-Lagrange method.
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Requiring £ = 0 for all z(D,), #(D;), §(D,) and 4(D;) yields

na:S(D ) - an(Du) = (F4a)
ng2(Dp) — ng1(Dy) = (F.4b)
ny3(Du) = ny2(Du) = —pa(Du) (F.4c)
ny2(Dy) = ny1 (Dy) = —p [a(Dy) — (L)), (F.4d)
which are the force jumps.
The variations of interface parameters ry,, 8¢, and Dy, gives :
1— 2
pru7cgs Fu +nucosBy+v=0 (F.ba)
YBu + pru(Bu — sin By cos Buy) + nysin B, =0 (F.5b)
— v —px(Dy)y (Dy) — nux’(Dy) =0 (F.5¢)
1—cos?2
prlic;)s bi —mcosf+v=0 (F.5d)
B+ pri(B —sin By cos B) —misin B =0 (F.5e)
v =plz(D) = 2(O)]y'(Di) — mz'(Dr) =0 (F.51)
with further simplification, these equations yield
p:—l:—l:—l Wlth Tu:’]“l:’]“ (F6a)
Ty T r
Ty = —7Y €08 Bu, m = 7y cos f, (F.6Db)

cos[By —O0(Dy)] =1 —  Bu=0(Dy,), cos[fi —0(Dy)] =1 — [ =0(D). (F.6c)
The variations of z(s), y(s) and 6(s) on the end point s = ¢ gives

T =—ply(l) —y(D)] +m + na3(£) (F.7a)
ny3(£) = 0. (F.7b)

Introducing the point yyr = y(D;) + r;(1 — cos §3;), the vertical position of the lower interface at
s = £, shown in figure 9.11, then the force T becomes

T =ng3(0) —plyl) —ym] + (F.8)

which is a horizontal force balance at s = /.
And the variation of ¢ gives

% {/(f g 0" (s)ds + y(rufBu — Du + 1B + Dz)} = —?9’(5)2 +p2Hy — ng3(l) + T (1 — A) (F.9)
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Appendix G

Force-induced interface deformation

This problem is set up to explain the deformation of the interfaces in the problem of soaked
membrane in chapter 9, an illustration is given in figure G.1.

Some incompressible fluid with volume Vj is confined between x = 0 and x = L. A localized
vertical forcing F' is acting on the liquid-air interface of surface tension 7. Using variational
method, we are going to find the shape of the deformed interface.

Figure G.1: Problem setup: a

: liquid-air interface deforms under

y F g R a localized vertical force F' situ-

ated at z = 0. The violet and

blue parts mark the original and

deformed liquid, and they have the
same area for the fixed volume.

The interface is supposed to stay initially at y = 0. After deformation, its geometry is described
by y(z) with = € [0, L]. Then the energy of the system and the volume of the liquid is

L
5:/0 /1 +y?dx — F-y(0), (G.1)

L
vz/ yde+ V. (G.2)
0

Building the Lagrangian

L L
Ez/ ’y\/l+y’2d:c—F-y(O)—p</ ydx—i—‘/()—‘/o) (G.3)
0 0

and the variation of the Lagrangian is
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from which we obtain the system of equations and the boundary conditions of the interface:

y'=—p(1+ y’2)3/ ’ (G.5a)
/OL ydr =0 (G.5b)
LY — Fs 0= YW =0 (G.50)

1+y2(0) VAR - FT

Introducing the deflection angle of the interface 6(s) where s is the curvilinear coordinate of
the interface, then we have

dy d%y 1 db
"= = =tanf "= -2 = —. .
Y=~ V' = 422~ cos30ds (G.6)
With 6(s), the equation (G.5a) and the boundary conditions (G.5¢) writes
do .
P2 vsin0(0) = —F, tanf(z =L) =0 (G.7)

From (G.7), we see that the geometry of the interface is arc-shaped, and the vertical projection
of the surface tension at = 0 balances F'.

Suppose the radius of the arch is R and note 6(0) = 6y, then we can calculate the interface
deflection Ay by

—Rsinfy =L, Ay=R(1l—cosby), = AyzL(l_Coseo):g('y—\w?—FQ) (G.8)

—sin g

Generating a power series expansion for Ay about the point F, = F//y = 0, we have

F’Y F’? 5
Ay=L|(5 + 5 +O(F) | ~05LF, (G.9)

which can be used to estimate the deformation of an interface under a given vertical force F.
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