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Drilling industry

Constrained elastica/beam/rod/plate/sheet……
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Geological layers: 
Stratum
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A sheet confined between rigid walls
• Length: 𝐿, width: 𝑤, thickness: 𝑡

• Bending Stiffness: 𝐷 = !
!"𝐸𝑡

#

• Boundary: clamped
• Displacement control: 𝐿Δ
• Wall height: 𝐻
• Force response: 

• 𝑃 (horizontal), 𝐹 (vertical) 
• Geometry:

• Arc length: 𝑠
• Curvature: 𝜅(𝑠)
• Deflection angle: 𝜃(𝑠)
• Positions: 𝑥 𝑠 , 𝑦(𝑠)

Non-dimensionalization: 
• Unit length: 𝐿
• Unit force: 𝐷/𝐿
In the following presentation, all 
variables are non-dimensional
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Numerical implementation & Results
Modelling as an optimization problem:

min
!,#,$,%

ℰ&'& = )
(

) 𝜃*

2
𝑑𝑠

With constraints:
• Geometry

𝑥* 𝑠 = cos 𝜃 𝑠 ,
𝑦* 𝑠 = sin 𝜃 𝑠 ,

• Wall constraints 
0 ≤ 𝑦 𝑠 ≤ 𝐻, ∀𝑠 ∈ 0,1

• Boundary conditions
𝜃 0 = 0, 𝑥 0 = 𝑦 0 = 0

𝜃 1 = 0, 𝑦 1 = 0, 𝑥 1 = 1 − Δ

The problem is 
solved as an 
optimization 

problem, 
discretized and 
implemented in 

Python, using 
IPOPT 

(Interior Point
Optimizer) with
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A general solution describing the behaviors: 
the cellular model

n  ×

Constructing	the	Lagrangian	:	

ℒ 𝜃 𝑠 , 𝑥 𝑠 , 𝑦 𝑠 , ℓ =
𝐿
ℓ

)
+,(

ℓ 𝜃*.

2 − 𝑃 𝑥* − cos θ + 𝑓 𝑦* − sin θ 𝑑𝑠

n 

𝛿ℒ
𝛿 /

Differential equation system :
𝑥! 𝑠 = 𝑐𝑜𝑠 𝜃 𝑠 ,
𝑦! 𝑠 = 𝑠𝑖𝑛 𝜃 𝑠 ,

𝜃!! 𝑠 = −𝑃 𝑠𝑖𝑛 𝜃 𝑠 + 𝑓 𝑐𝑜𝑠 𝜃 𝑠
1
2 𝜃

!" ℓ = 𝑃 / Δ −
𝑓
2
𝑦(ℓ)
ℓ

𝜕ℒ
𝜕𝑙

With boundary conditions
𝜃 0 = 0, 𝑥 0 = 𝑦 0 = 0

𝜃 ℓ = 0, 𝑦 ℓ = 𝐻, 𝑥 ℓ = ℓ(1 − Δ)
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One cell: 
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Cellular model with Von Karman approximation

• Number of cells: 𝑛 = 1.247 L
M

• Von Karman approximation: 

𝑥? 𝑠 = cos 𝜃(𝑠) ≈ 1 −
𝜃" 𝑠
2

𝑦? 𝑠 = sin 𝜃(𝑠) ≈ 𝜃 𝑠
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• Force responses: 𝑃 = 31 L
M!
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How about “liquid walls”?
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Rigid walls

Liquid walls
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Confined between rigid walls Confined between liquid walls

Objective:
minℰNOPQRST

With constraints:
• Geometry + Boundary conditions
• Wall constraints 

0 ≤ 𝑦 𝑠 ≤ 𝐻

Objective:
minℰNOPQRST + ℰQUVWPTN

With constraints:
• Geometry + Boundary conditions
• No penetration constraints 
𝑦@ABCD 𝑥 ≤ 𝑦(𝑥) ≤ 𝑦EFFCD(𝑥)
• Constant volume 
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A sheet confined between rigid walls
• Length: 𝐿, width: 𝑤, thickness: 𝑡

• Bending Stiffness: 𝐷 = !
!"𝐸𝑡

#

• Boundary: clamped
• Displacement control: 𝐿Δ
• Wall height: 𝐻
• Force response: 

• 𝑃 (horizontal), 𝐹 (vertical) 
• Geometry:

• Arc length: 𝑠
• Curvature: 𝜅(𝑠)
• Deflection angle: 𝜃(𝑠)
• Positions: 𝑥 𝑠 , 𝑦(𝑠)

Non-dimensionalization: 
• Unit length: 𝐿
• Unit force: 𝐷/𝐿
In the following presentation, all 
variables are non-dimensional
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A sheet confined between liquid walls
• Length: 𝐿, width: 𝑤, thickness: 𝑡

• Bending Stiffness: 𝐷 = !
!"𝐸𝑡

#

• Boundary: clamped, periodic
• Displacement control: 𝐿Δ	
• Fixed volume: 2𝐿𝐻G
• Surface tension: 𝛾
• Force response: 𝑇 = 2𝛾 − 𝑃
•  Geometry:

• Elastic sheet: (𝜅H, 𝜃H, 𝑥H, 𝑦H)
• Liquid interfaces: 

𝜃I, 𝑥I, 𝑦I
(𝜃J, 𝑥J, 𝑦J)

Non-dimensionalization: 
• Unit length: 𝐷/𝛾

(Elasto-capillary length) 

• Magnitude of capillary effects: 𝐻K =
K
L𝐻G 

• Membrane length vs. liquid volume: 𝐿/𝐻G 
• Compression Δ
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• Unit force: 𝐷𝛾

Dimensionless parameters:



Numerical implementation and results

Implemented 
in Python, 

using IPOPT 
and

Objective:
minℰC@MNOPQ + ℰNEDRMQC

With constraints:
• Geometry + Boundary conditions

• No penetration constraints 
𝑦/0123 𝑥 ≤ 𝑦(𝑥) ≤ 𝑦45523(𝑥)

• Constant volume 
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Back to the cellular model: self-similarity

One universal solution!

Original cellular model: 

Differential equation system with 
boundary conditions:

𝜃 0 = 𝜃 ℓ = 0,
𝑥 0 = 𝑦 0 = 0

𝑥 ℓ = ℓ 1 − Δ , 𝑦 ℓ = 𝐻

× ℓ

Self-similar system:
Differential equation system with 
boundary conditions:

\𝜃 0 = \𝜃 1 = 0,
]𝑥 0 = ]𝑦 0 = 0
]𝑥 1 = 1 − Δ

How to find the scale ℓ?

• Solid walls: 
𝑦 ℓ = ℓF𝑦 1 = 𝐻

• Liquid walls: 
• From volume constraint 

𝑥 ℓ 𝑦 ℓ = 2𝐻Gℓ

⟹ 𝑦 ℓ = ℓF𝑦 1 =
2 𝐻G
1 − Δ
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• Force responses: 𝑃 = 7.85 !(#$!)
!

&"!

Self-similarity also 
applies to the Von 
Karman approximation

For the liquid walls: 
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• Number of cells: 𝑛 = 0.62 Δ(1 − Δ) '
&#

𝐻# = 5, $
%!
= 100 
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Beyond the Periodic Folding regime
Confined between solid walls Confined between liquid walls
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Explanation by cellular model

• We also have the universal solution for 
the elastic energy: 

HℰQC@@ = I
G

!1
2
J𝜃?" 𝑠̃ 𝑑𝑠̃

× ℓ

With ℓ = "	%!
(()*) ,- (

And the total energy is 
ℰR^R = ℰNOPQRST + ℰQUVWPTN
=
𝐿
ℓ
1ℰTNOO
ℓ

+ 2𝐿(1 − Δ)
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Maxwell line

Total energyA.

B.

n ℰ./00 ESMC 2025



Thank you for your attention!

PhD defense: Oct. 2025 ⟶ YouTube @DAlembert-SU-CNRS
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